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Abstract
Prevailing astronomical and astrophysical observations suggest that we live in a spa-
tially flat cold dark matter (CDM) universe - currently going through a period of
accelerated expansion - possibly driven by “dark energy” in form of a cosmological
constant. Within the standard cosmological paradigm, dark energy and dark matter
are the dual dominant sources in the evolution of the late-time universe contributing
about 70% and 25% respectively to the total energy density in the Universe, but
these are only currently detected via their gravitational interaction. There could be a
non-gravitational interaction within the “dark sector” without violating current obser-
vational data, thus giving rise to changes in the dark equations of state and affecting
the process of galaxy formation. In this thesis, we investigate two new interesting
large-scale structure formation scenarios using interacting fluids. Firstly, in departure
from the standard approach in which dark matter is treated as a single independent
fluid, we split the dark matter fluid into two interacting components: a strongly
clustered “halo” component and a weakly clustered “free” component- accreted by
the halos. By defining the fraction of the matter inside CDM “halos” to the total
matter as a time evolving function of the total matter density F (ρm), we derive the
governing background and perturbation equations and the energy-momentum trans-
fer four-vectors. We then perform numerical calculations for three models for F (ρm)
v
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that are in agreement with recently published results from halo theory of N-body sim-
ulations, and compare our results to the standard ΛCDM model. Our results show
that, whereas there’s a good agreement between our model and the ΛCDM model,
the perturbations are much more sensitive to the interaction and can deviate strongly
from the standard case for large interaction strengths.
Secondly, motivated by our current poor knowledge on the underlying “dark-
sector” physics and the need to understand the nature of the two most dominant
components of our universe: dark energy and dark matter; we investigate a new sce-
nario in which the two dark components interact via an energy-momentum exchange.
By re-writing the evolution equations in a more suitable form, we eliminate previously
reported singularities in interacting dark energy models in which dark energy is teated
to be vacuum energy with w → −1. This makes it possible to numerically integrate
the resulting background and perturbation equations, comparing our results to the
standard model. We show that this treatment, yields a simple model that provides a
good natural extension to the standard ΛCDM model. We go further to explore in
detail the cosmological implications of the interaction strength and the direction of
the energy-momentum transfer in vacuum interacting dark energy.
This thesis provides useful insights on the possible significance of a dark sector
interaction in structure formation and shows that such an interaction provides a good
natural explanation for the high value of the Hubble parameters measured by BOSS
and SDSS surveys. Indeed a small and positive coupling is shown to alleviate the well
known cosmological coincidence problem.
March, 2015
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Chapter 1
Introduction
Sir Arthur Stanley Eddington, an 18th Century British physicist, astronomer,
and scientific philosopher, once likened mankind’s quest to unravel the mysteries of
the universe to the activities of a potato bug trapped inside a potato located in
a sack full of potatoes, on board of a very large ship carrying many potato sacks,
trying to understand the ocean beneath which the ship is sailing. But, unlike the
Arthurian potato bug in this analogy, cosmologists and astronomers, have in the last
few decades, gathered enormous amounts knowledge concerning the origin, evolu-
tion, and the functioning of our cosmos. However, there currently still exists many
urgent questions in modern cosmology today that are a central subject of ongoing
observational and research campaigns. This thesis is no exception.
Cosmology, the branch of science that deals with the study of the entire cos-
mos, has since the early 1990’s, evolved from a mainly theoretical discipline, into a
solid observationally-backed physical science driven by a spectacular growth in high
precision data from recent and ongoing state-of-the-art experiments. Indeed, current
1
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surveys such as BOSS, DES and future surveys such as EUCLID, eBOSS, PFS, DESI,
ASKAP, MeerKAT and the SKA, will provide increased sensitivity, a large sky cov-
erage and a deep redshift range that will achieve very high precision and percentage
level accuracy. This will undoubtedly usher in a new era of exciting science in modern
cosmology that harbours the possibility of marking a new revolution in our current
physics about the universe. It is therefore imperative to utter the most spoken cos-
mological slogan today that “we are experiencing and living through a golden era in
Cosmology!”
Within the “standard” cosmological model, the large scale structures observed in
the universe today are understood to have formed from small quantum fluctuations
in the primordial cosmological fluid, that were amplified into classical perturbations
by the inflaton field, and grew in size via gravitational collapse to form the galaxies,
clusters of galaxies and voids observed in the cosmic web today. According to the
standard paradigm, our universe is currently dominated by two unknown “dark”
components: non-baryonic cold dark matter (DM) and dark energy (DE) that account
for over 96% of the total energy density of the universe. One of the fundamental
problems in both theoretical and observational cosmology that is the subject of many
forthcoming large cosmological surveys, is the accurate modelling of the clustering
of large scale structures in the universe, from the age of re-ionisation until today,
spanning the epochs when the universe was about a billion years old until today,
about 13.7 billion years later. In particular, untangling the physical processes that
govern the formation and evolution of galaxies, and testing many of the currently
proposed dark energy models, remains an important problem that needs resolution.
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The existence of cold DM remains one of the current observational pillars in our
understanding of the formation and evolution of structures in the universe with many
astrophysical observations providing proof of its existence, as well as hinting on some
of its properties [10]. Cold DM-halo models have been successfully used in studying
the clustering of matter in the early universe [10; 63]. However, the assumption
that the clustering is fully described only by the matter inside the halos still remains
largely untested [63].
One of the main pillars in the modern cosmological studies of the dark sector uni-
verse is the treatment of the dominant components as fluids, and hence developing
theoretical ideas about the nature of the fluids and gravity theories that are then com-
pared to data from various cosmological probes (see e.g [6; 27]). The material content
of the universe is indeed commonly assumed to be a mixture of fluids, such as scalar
fields that drive the early-epoch inflation or playing the role of DE (quintessence)-
that accelerates the late-time universe-, radiation and non-relativistic matter [12; 22].
Moreover, in the standard paradigm, DM and DE- the two dominant sources
contributing to the total energy density in the universe- are usually assumed to be
independent components with dark matter making up most of the non-relativistic
matter in the universe, while dark energy is responsible for driving the late-time
accelerated expansion of the universe. The ΛCDM model remains the most successful
model of our universe that is in good agreement with a wide range of observations.
However, this model is currently faced by a number of theoretical and observational
challenges such as explaining the reasons why dark energy and dark matter densities
are of the same order today, thus opening was for the search of alternative models.
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One of the simplest dark energy models considered so far are the dynamical dark
energy models that have been shown not to be enough.
A new, simpler alternative, is to consider a non-gravitational interaction between
dark matter and dark energy. Such an interaction is naturally allowed in field theory
and is sometimes considered mandatory (see e.g.[43; 44]). The main motivation for
such an interaction lies in the fact that current observational constraints do not rule
out the possibility of a dark sector coupling, and, moreover if true, it could help
alleviate the Cosmological Coincidence (CC) problem, as well as provide new hints
on structure formation and the dark sectors equation of state.
Most studies have so far only focussed on the treatment of DM as a single fluid,
and considered the interaction between DE and DM only for cases when DE is treated
as a dynamical fluid with equation of state parameter w 6= 1 or scalar fields such as
quintessence, with many such models shown to give rise to large-scale instabilities
(see e.g. [24; 61; 62]). This work focusses on the special case with w = −1.
The work presented in this thesis is two-fold, in which:
• The DM fluid is split into two interacting components: a halo fluid - consisting
of strongly clustered cold DM macroscopic particles, and a free fluid made
up of weakly clustered baryonic and cold DM particles- which is accreted by
the haloes. Modelling the energy-momentum transfer between the two fluids
to be a function of the fractional matter in the universe that resides inside
the haloes- in agreement with recent results from the halo theory of N-body
simulations presented in [10], the unfolding structure formation scenario in the
two-matter fluid model is investigated and exploratory calculations performed
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for three physical models of the energy-momentum transfer characterised by
different initial mass functions. The energy transfer rate is assumed as being
proportional to the total matter density (see e.g. [24] for arguments supporting
this choice) and the stability of the resulting solutions checked against this
assumption. A detailed analysis of the resulting effects due to a change in the
direction of energy transfer and a variation of the interaction strength is explored
in detail, both in the background universe and the perturbed spacetime. The is
also investigated. An observation meaning of the results obtained is then sought
by exploring the possible imprints of our model on the matter power spectrum,
when compared to the standard ΛCDM case.
• Previously reported dual problems of singularities and large-scale instabilities
in the DE perturbations for interacting dark energy models characterised by
a constant equation of state parameter w = −1 (see e.g [24; 61; 62] ) are
‘solved’ by re-writing the governing DE perturbation equations in a new but
useful and consistent form. This approach then makes it possible to study the
largely ignored special case for interacting dark energy models with constant
equation of state parameter w = −1 that corresponds to vacuum dark energy.
An interesting scenario where the vacuum DE couples to the cold DM via an
energy-momentum exchange is investigated, with the background energy trans-
fer rate assumed to be proportional to the DE density in a similar fashion as in
e.g. [24; 62] . Two special cases described by the vanishing momentum transfer
either in the DM or the DE frame, are investigated by solving the resulting gov-
erning equations numerically to yield the evolutionary behaviour of the various
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perturbed quantities in the past null cone. The effect of varying the coupling
strength; the direction of energy transfer, and the form of momentum transfer,
are investigated in detail. The matter power spectrum in the universe today is
then computed and the results compared to the standard ΛCDM case.
This thesis is arranged as follows:
Chapter 2 provides a brief introduction to the background FRW universe and gives
the important governing equations. Chapter 3 introduces the perturbed universe, the
governing perturbation equations, and a simple numerical solution to the perturbation
problem in the ideal Einstein de Sitter (EdS) and the standard ΛCDM universes. The
choice of gauge used in this thesis and a computation of the matter power spectra for
the EdS and ΛCDM cases are also presented.
Chapter 4 presents a new framework for studying structure formation in the uni-
verse in which the DM fluid- usually assumed to be a single fluid- is split into two
interacting fluids with one fluid- the free fluid- being accreted by a strongly clustered
fluid made up of haloes- the halo fluid. The important set of governing background
and perturbation equations are derived from the covariant approach and written in
form of dimensionless ordinary differential equations (ODEs). Suitable initial condi-
tions at decoupling are derived and discussed. Modelling the transfer of energy in
the background to be a function of the total matter density, in agreement with recent
results from halo theory of N-body simulations, the governing ODEs are solved nu-
merically for three physical models with different initial mass functions. The results
are then compared to the standard ΛCDM model.
Chapter 5 presents results from the study where vacuum DE interacts with cold
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DM. The governing equations are derived and solved numerically, taking into account
an energy-momentum transfer within the dark sectors. Detailed analyses of the effects
of the interaction strength, direction of energy-momentum transfer and choice of the
momentum treatment are presented. Finally, the imprints of this model on the matter
power spectrum in the universe today and the possible cosmological implications are
discussed, in comparison to the standard ΛCDM model.
In chapter 6, the main thesis results are discussed and the conclusions arrived at
in this thesis highlighted.
 
 
 
 
Chapter 2
The background universe
Einstein’s theory of general relativity of 1915 provides us with a compelling and
well tested theory of our Universe [26]. This chapter provides a brief introduction
to the background universe and forms the necessary groundwork needed to study
cosmological perturbations and structure formation later in this thesis. We make the
standard assumption that the background universe is an homogeneous and isotropic
Friedmann-Lemaitre-Robertson-Walker model containing matter in form of “dust”
whose pressure vanishes. Such a background universe is undergoing Hubble expansion.
A complete description of the background universe requires knowledge of its ge-
ometry, the scale factor a and its time evolution a˙. The former is accomplished using
the metric while the latter two are obtained from a solution of the field equations. In
terms of geometry, the background universe can be classified as either: flat, open or
closed. A flat universe is shaped like a flat sheet or Euclidean in shape such that any
two initially parallel lines drawn on it always remain parallel to each other. A closed
universe is shaped like a 3-dimensional sphere so that two initially parallel lines will
8
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finally converge, while an open universe is shaped like a 3-dimensional saddle and the
parallel lines diverge.
General relativity relates the geometry of the universe to its energy density. On
this basis, a universe becomes flat if its energy density is less than the critical energy
density, closed if it is greater than the critical value and open otherwise. In this
work, we assume the universe to be flat, an assumption that agrees well with current
observations.
2.1 The background equations
The dynamics and evolution of the background universe are governed by the Ein-
stein Field Equations (EFEs) that relate the space-time geometry to the energy den-
sity of the universe. They are;
Gµν ≡ Rµν − 1
2
gµνR + gµνΛ = 8piGTµν (2.1)
where Gµν is the Einstein tensor, Λ is the cosmological constant and gµν is the space-
time metric. Here Rµν is the Ricci tensor- the metric contraction of the Riemannian
curvature tensor defined as
Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓσβνΓαµσ − ΓσβµΓανσ (2.2)
and the Ricci tensor is given as
Rµν ≡ Rλµλν = ∂αΓαµν − ∂νΓαµα + ΓαβαΓβµν − ΓαβνΓβµα (2.3)
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where the symbols
Γµαβ =
1
2
gµν [∂βgαν + ∂αgβν − ∂νgαβ] (2.4)
are the affine connection coefficients also called Christoffel symbols, which in a metri-
cal geometry are identified with metrical connections, R is the Ricci scalar, the metric
contraction of the Riemann curvature tensor:
R = gµνRµν = R
λ
λ (2.5)
Here T µν is the stress energy-momentum tensor, a symmetric tensor that describes
the matter content of the universe, G is Newton’s constant and Λ is the cosmological
constant, the so-called ‘source of late time acceleration’ of the universe.
Studies on the geometry and physics of homogeneous and isotropic solutions of
the EFE’s were first conducted by Friedmann in 1922 and extended by Lemaitre
in 1927. This was later followed by studies by Robertson and Walker in 1936 who
through a ‘rediscovery’ of the Friedmann metric studied several additional aspects of
the homogeneous and isotropic solutions of the EFE’s.
The spacetime metric that satisfies the conditions of homogeneity and isotropy
has the general form (in cosmic time),
gµνdx
µdxν = ds2 = −dt2 + a2(t)γijdxidxj (2.6)
where i, j = 1, 2, 3 and (in conformal time)
ds2 = a(η)2[−dη2 + γijdxidxj ] (2.7)
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where the conformal time is related to the cosmic time via
dt = a(t)dη (2.8)
The metric γij can take any of the following forms:
γijdx
idxj =
δijdx
idxj
(1 + 4Kδijxixj)
(2.9)
γijdx
idxj = dr2 + χ2(r)(dθ2 + sin2 θdϕ2) (2.10)
γijdx
idxj =
dR2
1−KR2 +R
2(dθ2 + sin2θdϕ2) (2.11)
where in equation (2.10),
χ(r) =


r ,K = 0
sin r ,K = 1
sinh r ,K = −1
(2.12)
Homogeneity and isotropy implies that the energy-momentum tensor must have the
form (neglecting any anisotropic stresses)
T µν = (ρ+ p)u
µuν + pδ
µ
ν (2.13)
where uµ = a−1(1 − φ, ∂iυ) is the four-velocity and φ is the gravitational potential.
Derivations of the EFE’s in which the universe is assumed to be both homogeneous
and isotropic can be found in any standard literature. Here we only summarise the
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main results and we assume the spacetime metric in cartesian coordinates:
ds2 = a2(η)(−dη2 + dx2 + dy2 + dz2) (2.14)
2.1.1 Background metric and energy-momentum tensor com-
ponents
For the metric (2.14) and the energy-momentum tensor (2.13), we obtain the
metric and energy momentum tensor components:
g00 = −a2 gij = a2δij (2.15)
T00 = a
2ρ Tij = a
2pδij (2.16)
2.1.2 The Christoffel symbols
The Christoffel symbols for the metric (2.14) are:
Γ000 = H, Γi00 = 0 (2.17)
Γ0i0 = 0, Γ
i
j0 = Hδij
Γ0ij = Hγij, Γkij =(3) Γkij
where H = a′
a
, H′ = a′′
a
− a′2
a
; (3)Γkij denotes the 3-D Christoffel symbols of the metric
γ which depend on the spatial spacetime slices.
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2.1.3 The Riemann tensor, Ricci tensor and Ricci scalar
The non-vanishing components of the Riemann and Ricci curvature tensors and
the Ricci scalar are:
R0i0j = H′γij, Ri00j = Hδij (2.18)
Rijkm =
(3)Rijkm +H(δikγjm − δimγjk)
R00 = −3H′, Rij = (H′ + 2H2)γij and (2.19)
R =
6
a2
(H′ +H2) (2.20)
where the ‘prime’ denotes derivative with respect to the conformal time coordinate η
defined by,
′ =
d
dη
(2.21)
2.1.4 The Einstein tensor
The Einstein tensor components are
G00 = 3H and Gij = −(2H′ +H2)γij (2.22)
2.1.5 The field equations
The Friedmann equations are [30]
H2 = 8piGρa
2
3
+
Λa2
3
(2.23)
2H′ +H2 = −8piGa2p+ Λa2 (2.24)
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2.1.6 Energy conservation
Conservation of the energy-momentum tensor∇µT µν = 0 leads to the conservation
equation for the energy density:
ρ′ = −3(ρ+ p)H (2.25)
Introducing the ‘equation of state parameter’ defined by w = p
ρ
, equation (2.25) takes
the form:
ρ′ = −3ρ(1 + w)H (2.26)
which for the case of w = constant has the solution:
ρ = ρ0
(a0
a
)3(1+w)
(2.27)
where a0 and ρ0 are constants and represent the values of the density and scale factor
today. We then have the following cases
ρ =


a−3 ; for w = 0
a−4 ; for w = 1
3
const. ; for w = −1
(2.28)
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and for a flat universe (K = 0), equation (2.27) can be substituted into Friedmann
equations (2.23) and (2.24) to give
a =


η
2
1+3w ; for w = const 6= −1
η2 ; for w = 0 (dust)
η ; for w = 1
3
1
|η|
; for w = −1
(2.29)
Defining the equation of state parameter and adiabatic sound speed by
w =
p
ρ
, c2s =
p′
ρ′
(2.30)
we have
w′ = −3(1 + w)(c2s − w)H (2.31)
which is the evolution equation for the equation of state parameter w and tells us
that the parameter w is a constant if and only if
w = −1 or w = c2s (2.32)
and if w = −1 then p = −ρ which implies a cosmological constant. However, some-
times it is also important to define the density parameter Ω = ρ
ρc
where
ρc =
3H2
8piGa2
≈ 5× 10−30gcm−3 (2.33)
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is the critical matter density in the universe, such that:
Ωρ =
8piGρa2
3H2 (2.34)
ΩΛ =
Λa2
3H2 (2.35)
ΩK =
−K
H2 (2.36)
ρ = ρm + ρr (2.37)
The Friedmann equation (2.23) then takes the form:
Ωρ + ΩΛ + Ωκ = 1 (2.38)
 
 
 
 
Chapter 3
Cosmological perturbations
The notion that the presently observed large-scale structures in our Universe orig-
inated from tiny fluctuations that grew in size via gravitational attraction, owes its
origins to a study by Newton (letter to Bentley, 1692 [29]). This was followed by the
seminal work on relativistic linear perturbations for a FLRW universe by [40].Today
it is well established that density fluctuations in the cosmic matter fluid can grow
gravitationally giving rise to the hierarchical structure formation.
In this chapter, we present an outline of the basic theoretical framework necessary
to understand cosmological perturbations and structure formation in the universe.
We adopt the well established standard picture in which the primordial density per-
turbations in the cosmological fluid are treated as ‘small’ deviations superimposed
on a nearly smooth, homogeneous and isotropic background, discussed in chapter
2. After introducing the perturbed four dimensional spacetime metric and the per-
turbed affine connection coefficients, we give the perturbed Einstein equations and
the energy-momentum conservation equations. We then use the Einstein de Sitter
17
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and ΛCDM universes as examples to integrate the closed set of perturbation and
background equations. We provide a straight-forward analysis of the growth func-
tions and growth factors and establish the power law between the growth factor f and
the matter energy density Ωm. We go further and discuss the important problem of
bias and provide plots for the linear power spectrum. Although this chapter does not
provide a review of the cosmological perturbation theory, we provide a clear picture
of the important details required in structure formation studies via integration of the
governing equations. For detailed discussion of cosmological perturbations see e.g
an excellent review by [31]. It is important to note here that our work focusses on
scalar perturbations which are important in structure formation and does not con-
sider vector or tensor perturbations (see [41] for a detailed discussion). This chapter
is arranged as follows: important basic relations and equations relevant to the study
of cosmological perturbations are presented in section 3.1. The energy-momentum
conservation equations are given in section 3.2. In section 3.3 the perturbation equa-
tions are expressed in dimensionless form and solved for the Einstein de Sitter and
ΛCDM models in section 3.4.
3.1 Basic relations
In this section, we summarise key expressions and relations used in cosmological
perturbation theory.
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3.1.1 Perturbed quantities
In the standard perturbative approach, the perturbed quantities are given by
[27; 30]
gµν = g¯µν + δgµν ,Γµν = Γ¯µν + δΓµν (3.1)
Tµν = T¯µν + δTµν , Rµν = R¯µν + δRµν
Gµν = G¯µν + δGµν , u
µ = u¯µ + δuµ
where the “bars” denote background quantities.
The perturbed spacetime metric
The perturbed line element in the Newtonian Gauge is given by [41]
ds2 = −a(η)2 [−(1 + 2φ)dη2 + (1− 2ψ)δijdxidxj] (3.2)
where φ and ψ are the scalar potentials. The spacetime metric then takes the form
gµν =


−a2(1 + 2φ) 0 0 0
0 a2(1− 2ψ) 0 0
0 0 a2(1− 2ψ) 0
0 0 0 a2(1− 2ψ)


(3.3)
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or
gµν =


−a−2(1− 2φ) 0 0 0
0 a−2(1 + 2ψ) 0 0
0 0 a−2(1 + 2ψ) 0
0 0 0 a−2(1 + 2ψ)


(3.4)
The affine connection symbols
It can be shown that for the above metric, the only non-zero affine connection
symbols are [30; 41]
Γ000 = H + φ′ (3.5)
Γ0i0 = Γ
0
0i = ∂iφ (3.6)
Γ0ij = Γ
0
ji = δij [−2H(φ+ ψ)− ψ′] (3.7)
Γi00 = ∂
iφ (3.8)
Γi0j = Γ
i
j0 = δ
i
j(H− ψ′) (3.9)
Γijk = δ
i
k∂jψ + δ
i
j∂kψ − δjk∂iψ (3.10)
If we use the definitions in equation (3.1), the perturbed Christoffel symbols for
scalar perturbations become [30; 41]
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δΓ000 = φ
′, δΓ0i0 = ∂iφ, (3.11)
δΓ0ij = −2H(φ+ ψ) + ψ′, (3.12)
δΓij0 = −δijφ′, δΓi00 = ∂iφ, (3.13)
δΓijk = δ
i
j∂kψ + δ
i
k∂jψ − δjk∂iψ (3.14)
The four-velocities
The total four velocities are defined by [24; 62]
uµ =
[
1
a
(1− φ), 1
a
∂iυ
]
(3.15)
uν = [−a(1 + φ), a∂iυ] (3.16)
where υ is the total peculiar velocity.
The energy-momentum tensor
The stress-energy momentum tensor for a perfect fluid ignoring anisotropic stresses
is defined as [30]
T µν = (ρ+ p)u
µuν + pδ
µ
ν (3.17)
which leads to
T 00 = −(ρ¯+ δρ), T 0i = (ρ¯+ p¯)∂iυ, (3.18)
T i0 = −(ρ¯+ p¯)∂iυ, T ij = δij(p¯+ δp). (3.19)
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This then gives for the perturbations
δT 00 = −δρ, δT 0i = (ρ¯+ p¯)∂iυ, (3.20)
δT i0 = −(ρ¯+ p¯)∂iυ, and δT ij = δijδp, (3.21)
The Ricci tensor
We have the Ricci tensor components become [30]
R00 = ∂iΓ
i
00 − ∂0Γi0i + ΓiβiΓβ00 − Γiβ0Γβ0i (3.22)
= ∂iΓ
i
00 − ∂0Γi0i + Γi0iΓ000 − Γij0Γj0i
= −3H′ + 3ψ′′ + 3H(φ′ + ψ′) +∇2φ (3.23)
and thence
R¯00 = −3H′ and δR00 = ∇2φ+ 3ψ′′ + 3H(φ′ + ψ′) (3.24)
are the Ricci tensor components for the background and perturbed universe respec-
tively.
In a similar manner we have
Rij = ∂αΓ
α
ij − ∂jΓαiα + ΓαβαΓβij − ΓαβjΓβiα (3.25)
with
R¯ij = γij
[H′ + 2H2] (3.26)
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and
δRij = γij[−2(φ+ψ)(H′+2H2)−Hφ′−1
3
∇2φ−ψ′′−5Hψ′+4
3
∇2ψ]−∇2(ψ−φ) (3.27)
also
R0i = ∂0Γ
0
0i + ∂jΓ
j
0i − ∂iΓ000 − ∂iΓj0j + Γj0jΓ00i + ΓjkjΓk0i − Γ0jiΓj00 − ΓjkiΓk0j (3.28)
The perturbed part is
δR0i = 2∇2(ψ′ +Hφ) (3.29)
The Ricci scalar
It is defined as
R ≡ gµνRµν = g00R00 + gijRij (3.30)
with
R00 ≡ g00R00 =
1
a2
[3H′ − 3ψ′′ − 3H(φ′ + ψ′)−∇2φ− 6H′φ] (3.31)
and
Rii ≡ gijRij =
1
a2
[3H′ − 6H′(φ− 2ψ)− 3H(φ′ + ψ′)− 3ψ′′ + 6H2 − 12H2(φ+ ψ)]
− 1
a2
[3∇2kψ − 2∇2φ] (3.32)
 
 
 
 
Chapter 3: Cosmological perturbations 24
so that the Ricci scalar is
R =
2
a2
{
3H′ + 3H2 − 6(H′ +H2)φ− 9Hψ′ − 3Hφ′ −∇2φ− 3ψ′′ + 2∇2ψ} (3.33)
The background and perturbed parts of the Ricci scalar are then given by:
R¯ =
6
a2
(H′ +H2) (3.34)
and
δR = − 2
a2
{
6(H′ +H2)φ+ 9Hψ′ + 3Hφ′ +∇2φ+ 3ψ′′ + 2∇2ψ} (3.35)
The Einstein tensor
We obtain the components of the Einstein tensor as
The time-time component: The (0− 0) or time-time component of the Einstein
Field equations for the perturbed universe take the form
δG00 = 8piGδT
0
0 (3.36)
and using the relation
δG00 ≡ δR00 +
1
2
δ(R00 +R
i
i) (3.37)
we obtain
δG00 =
2
a2
[
3H2φ+ 3Hψ′ −∇2ψ] (3.38)
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This together with the expression for δT 00 obtained in equation (3.18) then immedi-
ately leads to a constraint equation for the energy density given by
3(Hψ′ +H2φ)−∇2ψ = −4piGa2δρ (3.39)
The 0-i component: For the background we have
G¯0i = G¯
i
0 = 0 (3.40)
while for the perturbations we obtain
δG0i = δG
i
0 =
2
a2
∂i(Hφ+ ψ′) (3.41)
so that the EFEs
δG0i = 8piGδT
0
i (3.42)
leads to a constrain equation for momentum which is
ψ′ +Hφ = 4piGa2(ρ+ p)υ (3.43)
The trace and trace-free parts: From the equation
δGij ≡ δRij −
1
2
(δR00 + δR
k
k)δ
i
j = 8piGδT
i
j (3.44)
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we obtain the trace of the EFEs as
ψ′′ + 2Hψ′ +Hφ′ + (2H′ +H2)φ = 4piGa2δp (3.45)
while the traceless part yields, ignoring anisotropic stress
ψ = φ = Φ (3.46)
where Φ is the Bardeen potential [11].
3.2 Energy-momentum conservation
3.2.1 Energy conservation
An equation for the conservation of energy density perturbations is obtained from
the identity
∇µT µ0 = 0. (3.47)
This gives
∇µT µ0 = ∂µT µ0 + ΓµαµT α0 − Γα0µT µα
= ∂0T
0
0 + ∂iT
i
0 + Γ
0
α0T
α
0 + Γ
i
αiT
α
0 − Γα00T 0α − Γα0iT iα
= ∂0T
0
0 + ∂iT
i
0 + Γ
i
0iT
0
0 + Γ
i
jiT
j
0 − Γi00T 0i − Γi0iT ii (3.48)
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from which it can be shown that subtracting the background quantities we obtain
δρ′ + 3H(δρ+ δp) = (ρ¯+ p¯)[3Φ′ −∇2υ] (3.49)
which is the conservation equation for the energy density perturbations.
3.2.2 Momentum conservation
We have the identity
∇µT µi = 0 (3.50)
which becomes
∇µT µi = ∂µT µi + ΓµαµT αi − ΓαiµT µα
= ∂0T
0
i + ∂jT
j
i + Γ
0
00T
0
i + Γ
0
j0T
j
i + Γ
j
0jT
0
i − Γ0i0T 00 − Γji0T 0j
which leads to
∂i[(ρ¯+ p¯)υ]
′ + δp = ∂i[(ρ¯+ p¯)Φ− 4Hυ] (3.51)
and thence
[(ρ¯+ p¯)υ]′ + δp = (ρ¯+ p¯)[Φ− 4Hυ] (3.52)
which is the momentum conservation equation for scalar perturbations. The evolution
equations for the density contrast, δ = δρ/ρ, and peculiar velocity are
δ′ − 3H(w − c2s)δ − (1 + w)(3Φ′ −∇2υ) = 0 (3.53)
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υ′ +H(1− 3c2s)υ +
c2s
1 + w
δ + Φ = 0 (3.54)
3.2.3 The relativistic Poisson equation
Combining equations (3.39) and (3.43) we obtain the relativistic Poisson equation
in Newtonian gauge as
∇2Φ = 4piGa2ρ [δ − 3H(1 + w)υ] (3.55)
3.2.4 Closed set of equations
The set of coupled equations becomes for the background
a′ − aH = 0 (3.56)
ρ¯′ + 3Hρ¯(1 + w) = 0 (3.57)
w′ + 3H(1 + w)(c2s − w) = 0 (3.58)
H′ + 4piG
3
ρ¯(1 + 3w)a2 − Λa2 = 0 (3.59)
and for the perturbations
δ′ − 3H(w − c2s)δ − (1 + w)(3Φ′ −∇2υ) = 0 (3.60)
υ′ +H(1− 3c2s)υ +
c2s
1 + w
δ + Φ = 0 (3.61)
Φ′ +HΦ = 4piGa2ρ(1 + w)υ (3.62)
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We also obtain the constraint equations
∇2Φ+ 4piGa2[3H(1 + w)υ − δ]ρ¯ = 0 (3.63)
H2 − 8piG
3
ρ¯a2 − Λ
3
a2 = 0 (3.64)
3.3 Governing equations in dimensionless form
3.3.1 Background equations
aHdΩ
da
+ 3ΩρH(1 + w) = 0 (3.65)
dΩ
da
+
3
a
Ω(1 + w) = 0 (3.66)
which leads to the equations
dΩm
da
+
3
a
Ωm(1 + w) = 0 (3.67)
dΩΛ
da
+
3
a
ΩΛ(1 + w) = 0 (3.68)
The equation of state parameter w evolution is given by
dw
da
+
3
a
(1 + w)(c2s − w) = 0 (3.69)
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The Raychauduri equation
dH
da
+
4piG
3aHρ(1 + 3w)a
2 − Λa
2
3aH = 0 (3.70)
Putting H = aH , we obtain
H + a
dH
da
+
4piG
3H
ρ(1 + 3w)− Λ
3H
= 0 (3.71)
Dividing all terms by H0 and multiplying the last three terms by
H0
H0
and rearranging
leads to;
H
H0
+ a
d(H/H0)
da
+
4piGρ
3H20
H0
H
(1 + 3w)− Λ
3H20
H0
H
= 0 (3.72)
3.3.2 The perturbations
The matter density contrast evolution is
dδ
da
− 3
a
(w − c2s)δ − (1 + w)
[
3
dφ
da
− ∇
2υ
aH
]
= 0 (3.73)
For velocity perturbations we have
dυ
da
+
1
a
(1− 3c2s)υ +
c2s
a2H(1 + w)
δ +
Φ
a2H
= 0 (3.74)
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3.4 Example Numerical Solutions
We integrate the closed set of background and perturbation equations for the EdS
and ΛCDM universes for scales both larger and smaller than the Hubble scale and
discuss the results in this section. The simplest “dust” matter-dominated (EdS) model
has only 4 coupled equations with parameters h = H/H0, Φ, δ and u = H0υ plus 4
initial conditions. The ΛCDM case leads to 5 independent equations with variables h,
Ωm, Φ, δ and u plus the corresponding initial conditions. We also evaluate the growth
functions and growth suppression factors for the two cases and use the Friedmann
and Poisson constraints to estimate the errors in the numerical solutions. We use the
length scale values l1 = 0.01 and l2 = 100 the super-Hubble and sub-Hubble scales
respectively.
3.4.1 The Einstein deSitter (EdS) Universe
Initial conditions for EdS
The initial conditions are given by:
ain = 10
−3 (3.75)
hin = a
−3/2
in (3.76)
Φin = −10−5 (3.77)
δin = −2Φin(1 + l
2
3
ain) (3.78)
uin = −2
3
Φina
1/2
in (3.79)
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The initial condition hin is derived from the background Friedmann equation, δin and
uin from the perturbed conservation equation (3.43) and the Poisson equation (3.55),
ain is the value of the scale factor at decoupling, while Φin is obtained from [27].
Evolution equations
Since in the Einstein de Sitter case Ωm = 1, the evolution of the Hubble parameter
becomes
dh
da
= − 3
2a
h (3.80)
and the perturbation equations are
dΦ
da
= −Φ
a
− 3
2
hu (3.81)
dδ
da
=
(
l
a
)2
u
h
− 3Φ
a
− 9
2
hu (3.82)
du
da
= −u
a
− Φ
a2h
(3.83)
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3.4.2 The ΛCDM Universe
Initial conditions for ΛCDM
We have the initial conditions
ain = 10
−3 (3.84)
hin = (Ωm0ain + 1− Ωm0)1/2 (3.85)
Ωmin =
Ωm0
h2ina
3
in
(3.86)
ΩΛin = 1− Ωmin (3.87)
Φin = −10−5 (3.88)
δin = −2Φin
(
1 +
l2
3Ωm0
)
ain (3.89)
uin = − 2
3Ωm0
Φina
1/2
in (3.90)
with Ωm0 = 0.25 and ΩΛ0 = 0.75.
Evolution equations
The background evolution equations become
dh
da
= − 3
2a
hΩ (3.91)
dΩm
da
= −3
a
(1− Ω)Ω (3.92)
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The Friedmann and Poisson constraint equations are then given by
1− Ωm0
h2
a−3 − ΩΛ0
h2
= 0 (3.93)
l2
a2h2
Φ +
3
2
Ωm(δ − 3 ahu) = 0 (3.94)
Plots for the dimensionless Hubble parameter h and the energy density parameters
as functions of the scale factor are shown in figure 3.1. For vanishing cosmological
constant as is the case for EdS, the Hubble rate at decoupling would be higher than
for the ΛCDM model, but the two must coincide today (scale factor, a = 1) because
of the normalisation condition. This is shown in the left plots in figure 3.1. For
the ΛCDM model, the dark matter density is higher at early times with dark energy
dominating at late times as shown in the right plot in figure 3.1.
Perturbation equations
From equations (3.60)-(3.62), the perturbation evolution equations for the ΛCDM
universe become
dδ
da
=
l2
a2
u
h
− 3Φ
a
− 9
2
hu (3.95)
du
da
= −u
a
− Φ
a2h
(3.96)
dΦ
da
= −Φ
a
− 3
2
Ωhu (3.97)
Figure 3.2 shows plots for the various perturbation variables for the EdS and ΛCDM
models.
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Figure 3.1: Top: Plots of the dimensionless Hubble parameter h for the EdS and
ΛCDM models. Bottom: Plots for Ωm and ΩΛ for the ΛCDM model.
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Figure 3.2: Comparison between perturbation variables δ, ∆, Φ and u for EdS and
ΛCDM.
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3.5 Structure growth and the matter power spec-
trum
3.5.1 The growth factor
The growth factor D(a) can be defined for the gravitational potential and matter
density respectively as
DΦ(a) = a
Φ(k, a)
Φ(k, ad)
(3.98)
D∆(a) =
∆(k, a)
∆(k, ad)
(3.99)
where ad is the scale factor at decoupling and k is the wave number for a given fourier
mode. For ΛCDM we have
DΦ(k, a) = D∆(k, a) (3.100)
3.5.2 The growth rate
The dimensionless growth rate f(a) for the matter density in the universe is defined
as:
f(a) =
d lnD(a)
d ln a
=
a
D(a)
dD(a)
da
(3.101)
Plots of f(a) for the EdS and ΛCDM models for sub-Hubble and super-Hubble
scales are shown in figure 3.3. The function f(a) remains constant for the EdS
model while for the ΛCDM model it is initially equal to the EdS value a ≈ 0.2 after
which it drops rapidly with increase in a. The growth function f(a) is related to the
 
 
 
 
Chapter 3: Cosmological perturbations 38
0.0 0.2 0.4 0.6 0.8 1.0
a
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
f
(a
)
EdS
ΛCDM
Figure 3.3: Plot of the growth rate f(a) as a function of the scale factor a for EdS
and ΛCDM.
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dimensionless matter density parameter Ωm via the relation [27]
f(a) = Ωm(a)
0.55 (3.102)
Figure 3.4 shows a plot of the function f vs Ωm to powers 0.6 [27], 0.5 and 0.62
from our fit as an illustration.
3.5.3 The growth suppression factor
The growth suppression factor is the ratio of the gravitational potential to it’s
value today given as
g(a) =
Φ(a, k)
Φ0(k)
(3.103)
where
Φ0(k) = Φ(a0, k) (3.104)
and the subscript ‘0′ denotes today. The plots of the growth suppression factor g(a)
for density perturbations are shown in figures 3.5.
3.5.4 The transfer function
The transfer function (denoted by T (k)) describes the evolution of cosmological
perturbations during the transition of the universe from radiation domination to
matter domination. It is defined as the ratio between the late-time potential long
after the matter/radiation equivalence to its value on largest scales and is given by
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Figure 3.4: Plots of the power law relation between the growth rate f(a) and the
matter density parameter Ωm the ΛCDM model. The result from [27] (Ω
0.6
m ) is also
shown for comparison as well as Ω0.5m .
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Figure 3.5: Plots of the growth suppression factor g as a function of the scale factor
a for EDS and ΛCDM.
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the equation
T (k) =
Φ(k, alate)
ΦL(k, alate)
(3.105)
This definition fixes the value of the transfer function on very large scales equal
to 1. The late-time potential on large scales is then slightly less than the primordial
potential from inflation and hence given by [27]
ΦL(k, alate) =
9
10
Φinf(k) (3.106)
The transfer function then becomes
T (k) =
10
9
Φ(k, alate)
Φinf (k)
(3.107)
Plot of the transfer function used in our work is shown in figure 3.6
3.5.5 The power spectrum
Power spectrum for Φ(k, a)
Combining equations (3.98) and (3.107) and using D to denote DΦ = D∆, we
obtain the equation [27]
Φ(k, a) = − 9
10
Φinf(k)T (k)
D(a)
a
(3.108)
and hence the power spectrum for Φ(k, a) is given by
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Figure 3.6: Plot of the Transfer function T (k) as a function of k.
 
 
 
 
Chapter 3: Cosmological perturbations 44
PΦ(k, a) = 〈Φ(k, a)Φ(k, a)〉
=
81
100
T (k)2
(
D(a)
a2
)2
PΦinf(k) (3.109)
where PΦinf(k) is the primordial power spectrum from inflation and σH is a constant
[27; 28]
PΦinf(k) =
50pi2
9k3
(
k
H0
)n−1
σ2H
(
Ωm
D(a = 1)
)2
(3.110)
and
Φinf (k) =
5
√
2pi
3
(
k
H0
)(n−1)/2
σH
Ωm
D(a = 1)
; σH = 1.9× 10−5 (3.111)
is the primordial potential from inflation [27; 28].
Power spectrum for ∆(k, a)
The comoving matter over density ∆(k, a) is related to the gravitational potential
Φ(k, a) and hence the primordial potential via the equation [28]
∆(k, a) =
3
5Ωm0
(
k
H0
)2
Φinf (k)T (k)D(a) (3.112)
from which we obtain the equation for the comoving matter density power spectrum
to be [27; 28]
P∆(k, a) =
9
25Ω2m0
(
k
H0
)4
T (k)2D(a)2PΦinf(k) (3.113)
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Power spectrum for the Newtonian density contrast δ(k, a)
It is given by
Pδ(k, a) =
9
25Ω2m0
(
k
H0
)4
T (k)2Dδ(a)
2PΦinf(k) (3.114)
Power spectrum for the dimensionless peculiar velocity u(k, a)
We obtain an equation of the peculiar velocity from equation (3.61), which be-
comes
v(k, a) =
2a
3Ωm0H
2
0
[(
D(a)
a
)′
+ aH
D(a)
a
]
× 9
10
Φinf (k)T (k) (3.115)
The power spectrum for u(k, a) is then given by the equation:
Pu(k, a) =
9
25
Ω2m0H
2
0D
′(a)2T (k)PΦinf(k) (3.116)
Plots of the power spectra P∆(k, a), Pδ(k, a), PΦ(k, a) and Pu(k, a) for the EdS and
ΛCDM models for different fixed values of the scale factor a are shown in figures 3.7
and 3.8 respectively.
The bias correction
In general terms, the Newtonian matter over density δ(k, a) or the comoving over
density ∆(k, a) in the universe do not necessarily equal to the corresponding matter
over densities inside galaxies δg(k, a) and ∆g(k, a), respectively. These can be related
via the equation [27]
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Figure 3.7: Plots of the power spectra P∆(k, a), Pδ(k, a), PΦ(k, a) and Pu(k, a) for
the EdS model.
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Figure 3.8: Plot of the power spectra P∆(k, a), Pδ(k, a), PΦ(k, a) and Pu(k, a) for the
ΛCDM model.
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∆g(k, a) = b(a)∆(k, a) (3.117)
where the factor b is called the “bias”. The power spectra become [27]
P (k, a) = b2Pm(k, a) (3.118)
Redshift space distortions
The radial distance to a galaxy can be given by the simple relation [27]
ds(z) =
z
H0
(3.119)
A given galaxy at an arbitrary location in the universe can then be assigned a set of
cartesian coordinates:
rs =
z
H0
(sinα cos β, sinα sin β, cosβ) (3.120)
However, the above definition has two caveats:
• First, the relation only holds at low redshift with a deviation of as large as 50%
at z = 1.
• The above estimate of the distance neglects peculiar velocities.
Accounting for redshift space distortions is therefore a fairly complex process. How-
ever, a quantitative treatment exists for linear distortions which applies on large scales
hence providing a good starting point.
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The power spectrum of galaxies in redshift can be expressed as [27]:
Pg(k, a) = b
2(1 + βµ2)2Pm(k, a) (3.121)
where
β =
f
b
(3.122)
and µ = cos θ, where theta is the angle between the line of sight direction to the galaxy
and the direction of galaxy velocity. For radial motion µ = 1, while for transverse
motion µ = 0.
We plot the galaxy power spectrum for a particular bias in different directions for
the EdS and ΛCDM models as shown in figure 3.9.
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Figure 3.9: Plot of the power spectra for different bias in different directions for the
Eds and ΛCDM models.
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Structure formation with
interacting matter fluids
In this chapter we present a new framework in which we split the matter fluid
into two components: a strongly clustered (halo) component, and a weakly clustered
(free) fluid component that is accreted by the haloes. We derive the relevant equations
and explore the large scale structure formation scenario, studying the cosmological
implications of our new model in comparison to the standard ΛCDM model. Our
work proposes a simple model that provides a natural extension to the ΛCDM model
hence allowing for tests of the standard structure formation picture and dark energy.
We consider three physical models for the energy-momentum transfer and explore
the implications of such models in structure formation, in comparison to the ΛCDM
model. This chapter is outlined as follows: The governing background and perturba-
tion equations are presented in section 4.1. Our numerical technique and solutions to
the closed set of background and perturbation equations are given in section 4.3.
51
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4.1 The dynamical equations
We present the general background and perturbation equations for the case of two
interacting matter fluids as perfect fluids following the notation of [62]. We consider
a flat FRW universe and treat the matter fluid as a perfect fluid with equation of
state parameter w = 0. Our cosmological model uses values of the matter density
parameter Ωm = 0.25, the vacuum energy density parameter ΩΛ = 0.75 and the
Hubble parameter H0 = 72 kms
−1Mpc−1.
4.1.1 Background equations
If we denote the background densities of the two matter fluids as ρh and ρf , where
h stands for ‘halo fluid’ and f stands for ‘free fluid’, then the energy conservation
equations for the two fluids are:
ρ′h + 3Hρh = Qh ≡ Q (4.1)
ρ′f + 3Hρf = Qf ≡ −Q (4.2)
where the prime denotes conformal time, Qh and Qf are the energy transfer functions
corresponding to the halo and free fluids respectively andQh = −Qf since total energy
is conserved. The ratio of the matter located inside CDM halos to the total matter
in the universe can be defined by the general function F (z) given by
F =
ρh
ρh + ρf
(4.3)
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.
If we model F such that it mimics recently published results from the halo model
and N-body simulations by [10] then we can write
F (z) = c1e
−c2z (4.4)
where c1 and c2 are arbitrary constants obtained by fitting our model to the results
in [10].
In terms of the scale factor a, equation (4.4) becomes
F (a) = c1e
c2(
a−1
a
) (4.5)
where we have used z = 1
a
− 1.
From our fitting, we obtain the best fit values of the constants c1 = 0.95 and
c2 = 0.071. The shape of the functions F (a) and F (z) are displayed in figure 4.1.
The Friedmann equations become
H2 = 8piG
3
(ρ¯h + ρ¯f ) a
2 +
Λ
3
a2 (4.6)
H′ = −4piG
3
(ρ¯h + ρ¯f) a
2 +
Λ
3
a2 (4.7)
4.1.2 The perturbations
The general perturbation evolution equations for mixed fluids are presented in e.g
[62]. We present the perturbation equations for interacting fluids and consider scalar
perturbations in the Newtonian gauge following [62] notation.
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Figure 4.1: Plots of F , the fraction of total mass in halos at redshift z (top) and scale
factor a (bottom) based on the halo model and N-body results given in [10].
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Ignoring anisotropic stresses in our system of equations, and since the two fluids
(A = h, f) have no pressure, the A-fluid energy-momentum tensor is
T µAν = ρAu
µ
Au
A
ν (4.8)
where the total energy-momentum tensor is T µν =
∑
A ρAu
µ
Au
A
ν .
uµ =
1
a
(
1− Φ, ∂iυ) (4.9)
where υ is the matter peculiar velocity.
The A-fluid four velocity is
uµA =
1
a
(
1− Φ, ∂iυA
)
, uAµ = a(−1 − Φ, ∂iυA) (4.10)
where υA is the peculiar velocity potential which vanishes in the background so that
the background four-velocity is u¯µ = a−1δµ0 .
In covariant form, the energy-momentum balance is
∇µT µνA = QµA (4.11)
Here QµA is the energy-momentum transfer four vector which satisfies the relation∑
AQ
µ
A = 0 because of the conservation of the total energy-momentum.
A general form of the four-vector QµA has the form
QµA = QAu
µ + F µA ; QA = Q¯A + δQA ; uµF
µ
A = 0 (4.12)
 
 
 
 
Chapter 4: Structure formation with interacting matter fluids 56
where F µA is the momentum density transfer rate relative to the total four-velocity u
µ
and ∑
A
δQA = 0 (4.13)
From equation (4.12) the time and spatial components of energy-momentum trans-
fer four vector QµA are
QA0 = −a [Q¯A(1 + Φ) + δQA] (4.14)
QAi = a∂i [fA + Q¯Aυ] (4.15)
where fA is the intrinsic momentum transfer potential for the A fluid.
For each A-fluid, equation (4.12) gives the general perturbation equations for the
dimensionless density contrast δA = δρA/ρA and velocity perturbation υA as [24; 62]
δ′A − k2υA − 3HΦ′ =
aQ¯A
ρ¯A
(Φ− δA) + aδQA
ρ¯A
(4.16)
υ′A +HυA + Φ =
aQ¯A
ρ¯A
(υ − υA) + afA
ρ¯A
(4.17)
Since the momentum transfer vanishes in the background, the perturbed momen-
tum transfer will depend on how we describe the physics in the perturbed spacetime.
This is done by defining QµA covariantly as Q
µ
A = QAU
µ where Uµ defines the frame
in which the momentum transfer vanishes. We can choose Uµ = uµm or U
µ = uAµ (or
any other physical choice). However, given that the h and f fluids become negligible
at early and late times respectively, the best choice for Uµ = uµm. This implies that
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fA = 0 and so the A-fluid peculiar velocity evolution equation (4.17) becomes
υ′A =
aQ¯A
ρA
(υ − υA)−HυA − Φ (4.18)
which is the evolution equation for the A-fluid four velocity used in this work.
The total matter density contrast evolves according to the equation
δ′m − k2υm − 3Φ′ = 0 (4.19)
and the evolution of the scalar curvature perturbations is
Φ′ +HΦ + 3
2
H2Ωmυm = 0 (4.20)
4.2 Derivation of important equations and rela-
tions
4.2.1 The functions Qh and Qf :
From equation (4.3) we obtain
ρh =
F
1− F ρf (4.21)
or equivalently
ρf =
1− F
F
ρh (4.22)
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Differentiating equations (4.21) and (4.22) with respect to conformal time we obtain
ρ′h =
F ′
1− F
(
1 +
F
1− F
)
ρf +
F
1− F ρ
′
f (4.23)
ρ′f = −
F ′
F 2
ρh +
1− F
F
ρ′h (4.24)
Using equations (4.23) and (4.24) we therefore obtain the relations
Qh =
F ′
1− F ρf =
F ′
F
ρh (4.25)
and
Qf = − F
1− F ρf = −
F ′
F
ρh (4.26)
Now using the expressions in equations (4.25) and (4.26) and putting H = a′/a,
the conservation equations (4.1) and (4.2) yields
ρ′h =
[
F ′
F
− 3a
′
a
]
ρh (4.27)
ρ′f = −
[
F ′
1− F + 3
a′
a
]
ρf (4.28)
These can be expressed as the differential equations
dρh
da
=
[
1
F
dF
da
− 3
a
]
ρh (4.29)
dρf
da
= −
[
1
1− F
dF
da
+
3
a
]
ρf (4.30)
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From the equations (4.5) and (4.4), one can write
dF
da
=
c2
a2
F (a) (4.31)
and
dF
dz
= −c2F (z) (4.32)
or equivalently,
F ′(a) =
c2
a
H(a)F (a) , F ′(z) = c2
a
H(z)F (z) (4.33)
4.2.2 Relation between density parameters Ωh, Ωf and Ωm
The halo and free fluid energy densities are given by
Ωh =
8piGρha
2
3H2 (4.34)
Ωf =
8piGρfa
2
3H2 (4.35)
where the total matter density parameter is Ωm = Ωh + Ωf i.e.
Ωm =
8piGρma
2
3H2 = Ωh + Ωf (4.36)
The equations (4.21) and (4.22) then give
Ωh =
F
1− F Ωf (4.37)
Ωf =
1− F
F
Ωh (4.38)
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from which it can be shown that
Ωh = FΩm (4.39)
Ωf = (1− F )Ωm (4.40)
which gives the relationship between the halo and free fluid energy density parameters
and the total matter energy density.
4.2.3 Time evolution equations for Ωh and Ωf
These can be obtained in two ways:
• Replacing the expressions for ρh (ρf ) and ρ′h (ρ′f ) with those for Ωh (Ωf) and
Ω′h (Ω
′
f) in the evolution equations (4.27) and (4.28) gives
Ω′h =
[
F ′
F
− 2H
′
H
− 3aH
]
Ωh (4.41)
Ω′f = −
[
F ′
1− F +
2H ′
H
+ 3aH
]
Ωf (4.42)
which satisfies the equation
Ω′m = −
[
2H ′
H
+ 3aH
]
Ωm = (Ωh + Ωf)
′ = Ω′h + Ω
′
f (4.43)
• Differentiating equations (4.37) and (4.38) gives
Ω′h = F
′Ωm + FΩ
′
m (4.44)
Ω′f = −F ′Ωm + (1− F )Ω′m (4.45)
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The equations (4.44) and (4.45) can be written as the ordinary differential equa-
tions
dΩh
da
=
[
1
F
dF
da
− 3
a
− 2
h
dh
da
]
Ωh (4.46)
dΩf
da
=
[
− 1
1 − F
dF
da
− 3
a
− 2
h
dh
da
]
Ωf (4.47)
The total density parameter evolves according to the ODE
dΩm
da
= −3
a
[1− Ωm] Ωm (4.48)
4.2.4 Evolution of the dimensionless Hubble parameter E
The Friedmann equation gives
E2 = Ωh0
(a0
a
)3 F
F0
+ Ωf0
(a0
a
)3 1− F
1− F0 + ΩΛ0 (4.49)
which is the general equation for the dimensionless Hubble parameter E. However,
it’s important to note that when we substitute the expressions for Ωh0 and Ωf0 derived
earlier, equation (4.49) reduces to the usual Friedmann equation,
E2 = Ωm0
(a0
a
)3
+ ΩΛ0 (4.50)
This yields the ODE
dE
da
= −3Ωm0
2
a−4E−1 (4.51)
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We note that equation equation (4.51) is simply:
dE
da
= − 3
2a
EΩm (4.52)
4.2.5 Modelling the energy transfer
We model the energy-momentum transfer as a function of the total density i.e
ρh
ρm
= F (ρm) (4.53)
In the background we have
aQ¯h
ρ¯h
=
F¯ ′
F¯
(4.54)
so that the background evolution equations (4.1) and (4.2) become
Ω′h =
F¯ ′
F¯
Ωh + 3H (Ωh + Ωf − 1)Ωh (4.55)
Ω′f = −
F¯ ′
F¯
Ωh + 3H (Ωh + Ωf − 1) Ωf (4.56)
In the perturbed universe, the density contrast for the halo fluid becomes
δh =
(
1 + ρ¯m
∂ ln F¯
∂ρ¯m
)
δm (4.57)
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For the free fluid, we obtain the density contrast as
δf =
(
1− ρ¯mΩh
Ωf
∂ ln F¯
∂ρ¯m
)
δm (4.58)
The A-fluid energy transfer rate δQA follows from equation (4.16) and is given by
δQA
Q¯A
= δA − Φ + ρ¯A
aQ¯A
(
δ′A − 3HΦ′ − k2υA
)
(4.59)
.
4.2.6 The matter power spectrum
The A-fluid relative density contrast can be defined as
bA =
∆A
∆m
(4.60)
Here ∆m is the comoving matter density contrast defined by
∆m = δm − 3Hυ (4.61)
The A-fluid power spectrum is
PA = 〈∆A(k, a)∆A(k, a)〉 = b2AP (4.62)
where P is the matter power spectrum given by equation (3.113).
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4.2.7 Special Case: υh = υf = υ
Assuming equal peculiar velocities which should approximately hold for very large
scales since gravitational accretion is a largely local process, the equations (4.57) and
(4.58) can be expressed in the form
∆h =
(
1 +
∂ ln F¯
∂ ln ρ¯m
)
∆m + 3
∂ ln F¯
∂ ln ρ¯m
Hυm (4.63)
∆f =
(
1− Ωh
Ωf
∂ ln F¯
∂ ln ρ¯m
)
∆m − 3Ωh
Ωf
∂ ln F¯
∂ ln ρ¯m
Hυm (4.64)
Now from equation (4.20) we have
υm = − 2
3HΩm
d
da
(aΦ) (4.65)
and the Poisson equation gives
Φ = −3Ωm0
2al2
∆m (4.66)
Substituting equation (4.66) into (4.65) and using the result in equations (4.63) and
(4.64) we obtain the analytical solutions
∆h =
[
1 +
∂ ln F¯
∂ ln ρ¯m
(
1 + 3
Ωm0
l2
f
a
)]
∆m (4.67)
∆f =
[
1− Ωh
Ωf
∂ ln F¯
∂ ln ρ¯m
(
1 + 3
Ωm0
l2
f
a
)]
∆m (4.68)
Here f = d ln∆m/d ln a is the growth factor and Ωm0 is the total matter energy
density today.
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4.3 Numerical Solutions
A recent study describing the entire halo assembly histories within standard
ΛCDM cosmology is presented in [10]. It uses the Extended-Press-Schecher (EPS)
formalism on a representative set of dark matter particles by exploring a large en-
semble of Monte Carlo random walks. In this work we consider three sub-classes of
models for the energy transfer rate: i.e. the power law, exponential law and erfc
function form for the halo mass fraction F . By fitting the three functions to the ellip-
soidal collapse model in [10], we obtain the best fit parameters for our models. Plots
of the two functions together with fitting points from [10] are displayed in Figure 4.2.
Figure 4.3 shows plots of the function F (a) i.e a function of the scale factor for the
three different models. The three models show an agreement near today (a = 1) with
the difference becoming large at early times at which point non-linear effects become
more significant. For a given choice of F (ρm), we proceed as follows:
• We solve the background equations using the initial conditions Ωhi = ΩmiFin,
Ωfi = Ωmi(1−Fin) and Ein = (Ωm0a−3d +ΩΛ0)1/2 from ain = 10−2 corresponding
to z = 100 up to a = 1 (or z = 0).
• We solve the velocity perturbation evolution υA eqns. (4.18) using the initial
conditions υfi = υmi and υhi = (Ωmi/Ωhi)υmi − (Ωfi/Ωhi)υfi.
• We solve the standard ΛCDM equations with δmi = −2φin(1 + l2/(3Ωm0)ain),
Φin = 9/10Φp(l)Tk(l), υmi = −(2/(3
√
Ωm0))Φin
√
ain.
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Figure 4.2: Plots for the functions F (z) for the power law, exponential and erfc
(function) models plotted with data points from an elliptical collapse model from the
study by [10] (AW2009). Here F0 = Ωh0/Ωm0 = 0.9 from our fitting.
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Figure 4.3: Plots for the functions F (a) for the power law, exponential and erfc
models from our work with F0 = Ωh0/Ωm0 = 0.9.
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4.3.1 The power law model of F
If we assume the power law form
F = F0
(
ρm
ρm0
)−α[( ρm
ρm0
)1/3
−1
]
(4.69)
where F and ρm are perturbed quantities, we obtain
δh =
[
1− α
a
(1− ln a− a)
]
δm (4.70)
δf =
[
1 +
α
a
Ωh
Ωf
(1− ln a− a)
]
δm (4.71)
The resulting set of closed dimensionless ODE’s include the background equations
from (4.55) and (4.56) which are
dΩh
da
=
3
a2
α(1− a− ln a)Ωh + 3
a
(Ωm − 1)Ωh (4.72)
dΩf
da
= − 3
a2
α(1− a− ln a)Ωh + 3
a
(Ωm − 1)Ωf (4.73)
and the perturbation equations corresponding to equations (4.19), (4.20) and (4.18)
are
dδm
da
=
(
l2
a2EΩm
− 9
2
E
)
(Ωhuh + Ωfuf)− 3
a
Φ (4.74)
dΦ
da
= −3
2
E (Ωhuh + Ωfuf)− Φ
a
(4.75)
duh
da
=
3Ωh
a2Ωm
α(1− a− ln a) (uf − uh)− uh
a
− Φ
a2E
(4.76)
duf
da
= − 3αΩ
2
h
a2ΩmΩf
(1− a− ln a) (uf − uh)− uf
a
− Φ
a2E
(4.77)
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Numerically solving the coupled background ODEs (4.72) and (4.73) and the pertur-
bation ODEs (4.74)-(4.77), we obtain solutions for super-Hubble, Hubble and sub-
Hubble scales. The background energy density parameters for this model are shown
in Figure 4.4. Figures 4.5, 4.7 and 4.9 shows plots for the Newtonian density con-
trasts δh, δf and δm and the comoving density contrasts ∆h, ∆f and ∆m for the power
law, exponential and erfc models respectively. The plots correspond to super-Hubble
(l = 0.1) and Hubble (l = 1) scales. Figures 4.6, 4.8 and 4.10 shows similar plots
for sub-Hubble scales with l = 10 and l = 100. Figures 4.11 and 4.12 show plots
of the dimensionless velocity perturbations and the relative density contrasts δA/δm
and ∆A/∆m for the power law model.
4.3.2 Improved models
We consider two improved models: the exponential and erfc forms of F .
The exponential model
Defining
F = F0e
−β
[(
ρm
ρm0
)1/3
−1
]
(4.78)
from which we obtain
δh =
(
1− β
3a
)
δm (4.79)
δf =
(
1 +
β
3a
Ωh
Ωf
)
δm (4.80)
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Figure 4.4: The energy density parameters for the f and h fluids shown together with
the total matter energy density Ωm for the power law model (top), exponential model
(middle) and erfc model (bottom).
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Figure 4.5: Power Law model: Plots for for the Newtonian and comoving density
contrasts for the halo and free fluids for the scales l = 0.1 and l = 1 shown together
with the ΛCDM density contrast.
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Figure 4.6: Power Law model: Plots for for the Newtonian and comoving density
contrasts for the halo and free fluids for the scales l = 10 and l = 100 shown together
with the ΛCDM density contrast.
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Figure 4.7: Exponential model: Plots for for the Newtonian and comoving density
contrasts for the halo and free fluids for scales l = 0.1 and l = 1 shown together with
the ΛCDM density contrast.
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Figure 4.8: Exponential model: Plots for for the Newtonian and comoving density
contrasts for the halo and free fluids for scales l = 10 and l = 100 shown together
with the ΛCDM density contrast.
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Figure 4.9: Erfc model: Plots for for the Newtonian and comoving density contrasts
for the halo and free fluids for scales l = 0.1 and l = 1 shown together with the
ΛCDM density contrast.
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Figure 4.10: Erfc model: Plots for for the Newtonian and comoving density contrasts
for the halo and free fluids for scales l = 10 and l = 100 shown together with the
ΛCDM density contrast.
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Figure 4.11: Power Law model: Plots for the velocity perturbations for the power law
model shown together with the total matter velocity perturbation um.
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Figure 4.12: Plots for the relative density contrasts δr and ∆r for the power law
model.
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with the value of β = 0.07 which we obtain from fitting the exponential function to
[10] results.
Plots of the velocity perturbations and the relative density contrasts for the ex-
ponential model are shown in figures 4.14 and 4.13 respectively. Similar plots for the
erfc model are displayed in figures 4.15 and 4.16.
The erfc function
We define F to be the function
F = erfc
[
γ
(
ρm
ρm0
)−η]
=
2γη√
piρm0
∫ x
∞
(
ρm
ρm0
)−η−1
e
−β2
(
ρm
ρm0
)
−2η
dρm (4.81)
where x = γ (ρm/ρm0)
−η.
We then obtain
δh =
[
1 +
2γ η a3η e−γ
2a6η
√
pi erfc (γa3η)
]
δm (4.82)
δf =
[
1− Ωh
Ωf
2γ η a3 η e−γ
2a6η
√
pi erfc (γa3η)
]
δm (4.83)
4.3.3 Summary of results
This chapter has presented results of a study that treats the matter fluid as com-
posed of two-interacting components that exchange energy and momentum. Starting
from general equations for a multi-component interacting system [41], the governing
background and perturbation equations for the two-fluid system have been derived
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Figure 4.13: Plots for the relative density contrasts δr and ∆r for the exponential
model.
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Figure 4.14: Plots for the velocity perturbations for the exponential models shown
together with the total matter velocity perturbation um.
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Figure 4.15: Plots for the velocity perturbations for the erfc model shown together
with the total matter velocity perturbation um.
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Figure 4.16: Plots for the relative density contrasts δr and ∆r for the erfc model.
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for scalar perturbations in the Newtonian gauge, and solved for a ΛCDM cosmology.
Three physical models for the density transfer rate that closely mimic recent results
from the halo theory of N-body simulations are investigated and the results compared
to the standard ΛCDM case. The interaction between the two matter components
that satisfies the general relativistic framework can be viewed, in the background as
the transfer of mass from the unclustered fluid onto the clustering fluid i.e the free
fluid decays into the halo fluid. The interaction is observed to give rise to a decline
in the free-fluid energy density from early times, that is gained by the halo fluid
leading to a corresponding increase in the halo fluid energy density. Since from the
initial conditions of model, most of the matter lies outside the halos at decoupling,
the free fluid energy density is necessarily close to the total matter energy density
at this epoch. The energy density of the clustering fluid should then approach the
value of the total matter density in the universe today. This behaviour is displayed in
our background results. Furthermore, in the background, the power law, exponential
and erfc models yield similar results for the density evolution and does not change
the present value of the Hubble rate in the standard (non-interacting case) case. We
therefore show that the background two-matter fluid interaction model, is similar to
the ΛCDM model and hence indistinguishable from observations.
However, for the perturbations, our results display a non-standard evolution in
the density perturbations possibly driven by the energy-momentum exchange. The
equality in the unclustered matter outside haloes and the total matter at decoupling
epoch is shown to be replicated as a similar amplitude of their perturbations. On
the other hand, the perturbations in halo fluid- that is gaining matter- are initially
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damped by the matter transfer up to about z ≈ 15 after which the perturbations begin
to grow approaching the total density perturbations at late times. This evolutionary
behaviour of the density perturbations is observed in all the three models for the
energy transfer rate investigated in this thesis. Our results also show that the velocity
perturbations cannot be distinguished from the standard ΛCDM model.
 
 
 
 
Chapter 5
Structure formation in vacuum
interacting dark energy models
The standard model of our Universe –the ΛCDM “concordance” model –is the
inflationary cold dark matter Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) model
with dark energy in form of a cosmological constant, based on the standard model of
particle physics and Einstein’s theory of general relativity [8; 31]. This model, has
until now, provided the best fit to a wide range of cosmological databases with an
incredibly small number of free parameters [2; 46]. However, despite its remarkable
success to date, the ΛCDM model is plagued by a major challenge of explaining the
source and nature of the currently observed late-time accelerated expansion of the
universe, assumed to be driven by a cosmological constant. This paradigm remains
one of the biggest unanswered questions in modern cosmology today that demands a
proper explanation and observational verification [9; 16; 17; 20; 24; 34; 64].
The discovery of this acceleration over a decade ago from independent data sets
86
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from observations of supernovae Ia [49; 50; 51; 53; 54; 58; 59; 60], Cosmic Microwave
Background (CMB) anisotropies from the Wilkinson Microwave Anisotropy Probe
(WMAP) [36; 37; 38], Baryon Acoustic Oscillations (BAO) [13; 32; 48], Large Scale
Structures (LSS) surveys [47; 52], strong gravitational lensing [57], X-ray observations
[4] and the latest results from the Planck satellite [3], leads to a fundamental question
regarding the most probable source of such acceleration and its explanation within
the ‘standard’ ΛCDM model.
Various candidates have been proposed in current literature to explain DE rang-
ing from: vacuum; fluid dark energy with constant equation of state parameter (EoS)
w[21; 45; 67], a minimally coupled scalar field called quintessence [56; 68; 70], phan-
tom (w < −1)[19] and quintom [33]. The cosmological constant is the currently most
favoured candidate that explains the late-time cosmic acceleration naturally and pro-
vides a very good fit to a wide range of independent data sets [9; 16]. However, the
vacuum DE model is faced by two central problems: the “fine-tuning” problem- why
the value of the DE density is so small relative to particle physics expectations, and
the “coincidence” problem- why the DE density is comparable to the DM density now
given that their associated time evolution is very different [16].
Advances in cosmological observations provide strong evidence that DE and DM
are the two dominant sources in the evolution of the universe and are considered
missing pieces in the cosmic puzzle [18]. These two are currently assumed to interact
only gravitationally. Recent studies, however, propose that if there exists a non-
gravitational interaction between DE and DM, this could alleviate the coincidence
problem [5; 6; 7; 16; 25; 31; 35]. Indeed, an interaction between DE and DM may
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be possible without violating any observational constraints given that our current
knowledge about the physics within the dark sector is largely uncertain [66; 69].
Assuming a zero interaction in the dark sector would be an additional assumption of
such a model [24].
Studies of interacting dark energy (IDE) with constant equation of state parameter
w for dark energy (see e.g. [24; 62]) report an early-time large-scale instability in the
dark energy Euler perturbation equations as w → −1 and thus exclude the case when
w = −1, crucial for direct comparison of IDE models with the standard concordance
model. While writing this thesis, two interesting publications on IDE by [65] and
[23] emerged. The study presented in [65] uses combined data sets from Planck [2],
WMAP polarisation, Union 2.1, baryon acoustic oscillation (BAO) and redshift space
distortions (RSD) to constrain a single parameter interacting vacuum dark energy
model focussing on perturbations in the dark matter comoving synchronous gauge.
They constain the interaction parameter to be −0.083 < γ < −0.006. The work
by [23] is a reconsideration of the observation constraints by [65] but for an energy
transfer model with the energy transfer linear in the dark matter density and Hubble
parameter. While the works presented by [65] and [23] were published while our
research was ongoing, they consider different forms of interaction and complement
the work presented in this thesis.
In this chapter, we present a study that considers DE in form of cosmological
constant coupled to a DM fluid component resulting in a “drag” that affects struc-
ture formation. The DE fluid is described by the constant EoS parameter w = −1
while the DM fluid is cold. This treatment helps provide an extra degree of free-
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dom on which to test the standard ΛCDM model by constraining the interaction
strength from observations. After summarising the general governing equations for
multi-component fluids for both the background and perturbed FRW universe, we
narrow down to the specific equations that describe the coupling between DE and
DM. We obtain evolution equations in the conformal time for the background and
perturbations and transform them into dimensionless ordinary differential equations
(ODE’s) which we solve numerically using a Python code. The study presented in
this work is twofold: by first fixing all cosmological parameters to their currently ob-
served values, we investigate the effect of the interaction strength on the evolution of
the background universe and growth of structure for two cases of momentum transfer
treatment characterised by vanishing momentum transfer either in the DE or DM
frame. We then fix the interaction strength and study the cosmological implications
of the momentum transfer treatment in our model. Our results explore the interacting
dark energy scenario by extending the standard ΛCDM model through introduction
of an extra degree of freedom via the interaction. The ΛCDM model, is therefore,
only a special case of our model.
This chapter is arranged as follows: In section 5.1, the general background evo-
lution equations governing an interaction between dark energy and dark matter are
presented and expressed in simple dimensionless form. The general perturbation
equations relevant to the work in this thesis chapter are presented in section 5.2.
Our modelling of the energy-momentum transfer and the governing equations are
presented in section 5.4.1. Results for the growth functions and the power spectrum
from our work are presented in section 5.5.
 
 
 
 
Chapter 5: Structure formation in vacuum interacting dark energy models 90
5.1 The background dynamics
5.1.1 General equations
The dynamics of a spatially flat Friedmann-Robertson-Walker background uni-
verse are governed by the Friedmann and acceleration equations given by,
H2 =
(
a˙
a
)2
=
8piG
3
ρ¯tot (5.1)
H˙ = −4piG(ρ¯tot + ptot) (5.2)
where ρ¯tot and ptot are the total density and total pressure of the various cosmic
components viz. cold DM, radiation, baryons and dark energy, so that
ρtot = ρc + ρx (5.3)
ptot = px = wxρx (5.4)
5.1.2 Background Interaction
A dark sector interaction in the background universe can be described by the
energy balance (non-conservation) equations (see e.g [24; 62]),
˙¯ρc + 3Hρc = −Q¯ (5.5)
˙¯ρx = Q¯ (5.6)
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where Q¯c + Q¯x = 0 or Q¯c = −Q¯x so that the total energy conservation equation has
the standard form,
˙¯ρtot + 3H(1 + wtot)ρ¯tot = 0 (5.7)
In terms of the dimensionless energy density parameters, the energy conservation
equations (5.5) and (5.6) become,
Ω˙c − 3HΩcwtot = −Q (5.8)
Ω˙x + 3HΩcwtot = Q (5.9)
and the Hubble parameter evolution is,
H˙ = −3
2
H2 (1 + wtot) (5.10)
Therefore, once a form for Q is known equations (5.5), (5.6) and (5.10) completely
describe the background dynamics. For simplicity, we neglect baryonic matter, which
does not interact with DE.
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5.2 The perturbations
5.2.1 Energy-momentum balance
For our two-component fluid composed of cold dark matter and dark energy, the
covariant energy-momentum balance equations are,
∇νT µνc = Qµc ; ∇νT µνx = Qµx (5.11)
with the total energy-momentum conservation condition imposing that the energy-
momentum four vectors QµA satisfy the condition,
Qµx = −Qµc . (5.12)
The density and velocity perturbation equations are [24]
δ′A + 3H(c2sA − wA)δA − k2(1 + wA)υA − 9H(1 + wA)(c2sA − c2aA)υA − 3(1 + wA)Φ′
=
aQ¯A
ρ¯A
[
Φ− δA − 3H(c2sA − c2aA)υA
]
+
aδQA
ρ¯A
(5.13)
and
υ′A(1 + wA) + H(1− 3c2sA)(1 + wA)υA + c2sAδA + (1 + wA)Φ
=
a
ρ¯A
{
Q¯A
[
υ − (1 + c2sA)υA
]
+ fA
}
(5.14)
Equations (5.13) and (5.14) are exactly equivalent to equations (19) and (20) in [24],
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and equation (30) in [62].
5.2.2 Field equations
The total quantities are defined by
∑
A
ρA = ρ ,
∑
A
pA = p ,
∑
A
GµνA = G
µ
ν ,
∑
A
T µνA = T
µ
ν . (5.15)
Here ρ is the density and p is the pressure.
The 0− i component of the Einstein Field equations follows from (4.20)
Φ′ = −4pi Ga2
∑
A
(1 + wA)ρAυA −HΦ, (5.16)
In Fourier space the 0− 0 component of the Field equations gives the relativistic
Poisson equation for multi-component fluids
k2Φ = −4pi Ga2
[∑
A
ρAδA − 3H
∑
A
(1 + wA)ρAυA
]
, (5.17)
where the summation is over the A-fluid components.
But for each A-fluid, we have the relation
δA = ∆A −
[
aQ¯A
ρ¯A
− 3H(1 + wA)
]
(5.18)
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hence the Poisson equation takes the form
k2Φ = −4pi Ga2
[∑
A
ρA
(
∆A − ρ¯
′
A
ρ¯A
υA
)
− 3H
∑
A
ρA(1 + wA)υA
]
(5.19)
For a general IDE model for DM and DE, the Poisson equation (5.19) takes the
form using equations (4.1) and (4.2),
k2Φ = −4piGa2 [ρ¯c∆c + ρ¯x∆x + aQ¯x(υc − υx)] (5.20)
which in terms of the energy density parameters then becomes,
k2Φ = −3
2
H2
[
Ωc∆c + Ωx∆x +
aQ¯x
ρ¯x
Ωx(υc − υx)
]
. (5.21)
It can be noted from equation (5.21), the interaction modifies the Poisson equation
when we use the comoving density contrasts ∆A via the Q¯x term so that for zero
interaction equation (5.21) reduces to the known standard form
k2Φ = −3
2
H2 [Ωc∆c + Ωx∆x] (5.22)
As will be explained later in this work, the result in equation (5.21) is also sig-
nificant in obtaining the initial conditions with adiabatic assumption implying equal
value of the IDE gravitational potential to the non-interacting case.
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5.2.3 Important equations
Total density contrast
The total density contrast can be obtained from the equation
δρtot = δρc + δρx (5.23)
which gives
δtot ≡ δρtot
ρtot
= Ωcδc + Ωxδx (5.24)
where ρa/ρb = Ωa/Ωb for any arbitrary indices ‘a’ and ‘b’.
Total equation of state parameter
It is given by
wtot =
p¯tot
ρ¯tot
=
p¯x
ρ¯c + ρ¯x
= Ωxwx (5.25)
Total Peculiar velocity
The total peculiar velocity becomes (see e.g. [62])
υtot =
Ωcυc + (1 + wx)Ωxwx
1 + Ωxwx
(5.26)
The Poisson equation
We have
k2Φ = −4piGa2 [ρc∆c + ρx∆x + aQx (υc − υx)] (5.27)
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Evolution of the gravitational potential Φ
Summing over the two A-fluid components, equation (5.16) gives:
Φ′ + 3H = −3
2
[Ωcυc + (1 + wx)Ωxυx] (5.28)
which describes the time evolution of curvature perturbations.
5.3 A simple model for interacting vacuum energy
5.3.1 Background equations
We consider an interaction model used in [15; 16; 18; 39] and that has been used
to study particle decays in other works (see eg. [14; 42]). In this prescription, the
energy transfer takes the form [24; 62],
Q¯ = Γρ¯x, (5.29)
and thus the background evolution equations (5.5) and (5.6) can be expressed in
terms of the conformal time derivative as
ρ¯′c = −a
(
H + Γ
ρ¯x
ρ¯c
)
ρ¯c (5.30)
ρ¯′x = aΓρ¯x (5.31)
Equations (5.30) and (5.31) can be transformed into dimensionless ODEs in terms
of the scale factor a and the energy density parameter ΩA as
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dΩc
da
= −3
a
ΩcΩx − γ Ωx
aE
(5.32)
dΩx
da
= −dΩc
da
≡ 3
a
ΩcΩx + γ
Ωx
aE
(5.33)
where γ = Γ/H0 is the dimensionless background energy transfer rate with the inter-
action strength described by |Γ|/H0 and where positive (negative) values of γ denote
energy transfer from DM→DE (DE→DM).
To close the set of ODE’s completely describing the background dynamics, we
obtain a dimensionless ODE for the Hubble parameter from equation (5.10) as
dE
da
= − 3
2a
EΩc (5.34)
.
5.3.2 Initial conditions for background evolution
To obtain the initial conditions at decoupling for solving the background ODE’s
(5.32), (5.33) and (5.34), we performed a backward integration of the ODE’s using
the values of Ωc, Ωx and E today:
Ωc0 = 0.3 ; Ωx0 = 0.7 ; E = 1 (5.35)
In order to study the cosmological implications for the direction of the energy
transfer in our model for a FRW background universe, we integrated the background
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ODE’s for the values of the interaction parameter: γ = ±0.2,±0.4 and ±0.7. The
strength of the interaction is measured by |γ| = |Γ|/H0.
To investigate the effect of the interaction strength and direction of the energy
transfer for our model in the background, we plotted the quantities Ωc, Ωx and E
as functions of the scale factor (or time) for different values of γ (both positive and
negative) and for different interaction strengths as displayed in figure 5.1. Our results
show that, with our normalisation of the background quantities Ωc, Ωx and E to
their present values, a stronger interaction with γ in the range 0 to 0.7 gives rise to
a background universe in which the DE domination epoch comes earlier for higher
interaction strengths and approaches that for the ΛCDM model as γ → 0. This can
be understood to be due to the DE fluid gaining more energy via the interaction
leading to an earlier domination than in absence of interaction (i.e γ = 0). In order
to understand the evolution of the “fine-tuning ratio” r = Ωx/Ωc as the universe
evolves in time, we plotted this quantity as a function of the scale factor a as shown
in figure 5.2. The results show that when the energy transfer is from DE→DM
(DM→DE), the ratio r at decoupling is smaller (larger) than the non-interacting
case which is consistent with figure 5.1. An energy transfer between DE and DM
decreases or increases the DE to DM ratio in the background evolution depending
on the direction of the energy transfer. The value of r from the interaction model
coincides with that for the non-interacting case at a = 1 (today). Figure 5.2 shows
the evolution of the “coincidence ratio” r since decoupling until today showing the
effect of the background transfer. Energy transfer from DM to DE (DE to DM)
leads to a higher value (lower value) of r at any redshift compared to the ΛCDM
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Figure 5.1: The dark matter and dark energy energy densities displayed together with
the LCDM model showing the fact that the interaction leads to a change in the value
of the redshift at which DE starts to dominate.
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for different values of the interaction parameter γ
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Figure 5.3: The dimensionless Hubble parameter E as a function of the scale factor
(top graph) shown together with its ratio to the value from the non-interacting model.
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model. The convergence of r to the same value today is as a result of our DM density
normalisation. Figure 5.3 shows a plot of the dimensionless Hubble parameter E
and the ratio of the value E with the interaction to its value without the interaction,
as a function of the scale factor. Our results show that at a given redshift, the value
of E, just like observed for Ωc and Ωx evolution depends on the direction of the
background energy transfer. This can be understood to emanate from the fact that
an higher (lower) amount of DE density would obviously lead to a higher (lower)
Hubble expansion rate.
5.3.3 Luminosity and angular diameter distances
We investigate the effect of the background interaction on the luminosity and an-
gular dimeter distances, the two important distances in the universe. The luminosity
distance in flat space is defined as
dL(z) =
(1 + z)
H0
∫ z
0
dz
E(z)
(5.36)
and the angular diameter distance is
dA(z) = (1 + z)
2dL(z) (5.37)
where,
E(z) =
[
Ωm(1 + z)
3 + Ωx
]1/2
. (5.38)
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In terms of the scale factor a, we have the luminosity distance as
dL(a) = − c
aH0
∫ a
1
da
a2E(a)
(5.39)
We computed the luminosity and angular diameter distances in our interacting
model for various values of the interaction strengths with the energy transfer occur-
ring in either of the two directions: DM→DE or DE→DM. Plots for the luminosity
and angular distances together with their ratios to the LCDM non-interacting model
are displayed in fig. 5.4. The results show that for a positive interaction with γ > 0
(negative interaction with γ < 0) which implies energy transfer from DE→DM (
DM→DE); the energy transfer enhances (reduces) the luminosity and angular diam-
eter distances leading to significant variations in the values of these quantities from
our interacting model compared to the non-interacting model. This indicates how the
interacting model will be be ruled out by observations if |γ| is too large. Observations
of supernovae of type Ia determine dL, while measurements of the baryon acoustic
oscillation scale in the galaxy distribution can determine dA.
5.4 Perturbation equations
5.4.1 Modelling the energy-momentum transfer
In this section we present the perturbation equations for the vacuum interacting
dark energy scenario. We present both analytical and numerical work for the two
cases of the energy-momentum 4-vector parallel to the dark matter or dark energy
4-velocity. To allow for easy comparison, we also highlight the equations for the
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Figure 5.4: The luminosity distance for different values of γ for the interacting model
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standard non-interacting ΛCDM case.
A commonly used viable covariant form of the energy-momentum four-vector, Qµ,
is (see e.g [24])
Qµ = Γρxu
µ (5.40)
which yields
Q = Γρx = Γρ¯x(1 + δx) (5.41)
Making the simplest physical choice for the energy-momentum transfer described by
vanishing momentum transfer either in the DM or DE frame, we obtain two sub-
classes with the energy-momentum transfer four-vectors parallel to the DM or the
DE frame 4-velocity. We denote these sub-classes by Q||uc and Q||ux respectively.
The Euler equations (5.13) and (5.14) for DM and DE density and velocity per-
turbations give
δ′c − k2υc − 3Φ′ =
aQ¯c
ρ¯c
(Φ− δc) + aδQc
ρ¯c
(5.42)
δ′x + 6Hδx =
aQ¯x
ρ¯x
(Φ− δx − 6Hυx) + aδQx
ρ¯x
(5.43)
υ′c +Hυm + Φ =
aQ¯c
ρ¯c
(υ − υc) + afc
ρ¯c
(5.44)
δx =
aQ¯x
ρ¯x
(υ − 2υx) + afx
ρ¯x
(5.45)
The Einstein field equations then yields
Φ′ +HΦ = −3
2
H2Ωcυc (5.46)
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and
k2Φ = −3
2
H2 [Ωc∆c + Ωx∆x + aΓΩx(υc − υx)] . (5.47)
The ΛCDM model: No momentum transfer
For the special non-interacting case for ΛCDM described by γ = 0 and υx = δx =
0, we have the perturbation equations as,
δ′c = k
2υm − 3HΦ− 9
2
H2Ωcυc (5.48)
υ′c = −Hυc − Φ (5.49)
Φ′ = −3
2
H2Ωcυc −HΦ (5.50)
which can be expressed into the ODE’s
d∆c
da
=
l2uc
a2E
(5.51)
duc
da
= − Φ
a2E
− uc
a
(5.52)
dΦ
da
= −3
2
EΩcuc − Φ
a
(5.53)
The Q||uc model
The energy-momentum transfer takes the form
Qµx = Qxu
µ
c = −Qµc , (5.54)
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so that
Qxµ = aΓρ¯x[1 + δx + Φ, ∂iυc]. (5.55)
The momentum transfer potential relative to the background is [62]
fx = aΓρ¯x(υx − υ) = −fc. (5.56)
Putting equations (5.55) and (5.56) into the equations (5.42)-(5.45), the closed
set of perturbation equations describing this case are
δ′c − k2υc − 3Φ′ = aΓ
Ωx
Ωc
[δc − aΓ(υc − 2υx)− Φ] (5.57)
υ′x − 3H
(
υc − 4
3
υx
)
+ Φ = 0 (5.58)
υ′c +Hυc + Φ = 0 (5.59)
Φ′ +HΦ + 3
2
H2Ωcυm = 0 (5.60)
and from equation (5.18) we obtain
∆x = aΓ(υc − υx). (5.61)
The Poisson equation (5.47) gives using equation (5.61),
k2Φ = −3
2
H2 [Ωc∆c + 2aΓΩx(υc − υx)] (5.62)
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Now, if we introduce the dimensionless variables
l =
k
H0
, uA = H0υA , γ =
Γ
H0
, (5.63)
equation (5.62) becomes
l2Φ = −3
2
a2E2[Ωc∆c + 2aγΩx(uc − ux)]. (5.64)
The equations (5.57)-(5.60) can be transformed into the ODE’s in a-space
dδc
da
=
γ
aE
Ωx
Ωc
[δc − aγ(uc − 2ux)− Φ] + l
2uc
a2E
− 3
a
Φ− 9
2
EΩcuc (5.65)
dux
da
= − Φ
a2E
+
3
a
uc − 4
a
ux (5.66)
duc
da
= − Φ
a2E
− uc
a
(5.67)
dΦ
da
= −3
2
EΩcuc − Φ
a
. (5.68)
But from equation (5.18), we obtain the DM and DE density contrasts to be
δc = ∆c + 3aEuc + aγ
Ωx
Ωc
uc (5.69)
and
δx = aγ(uc − 2ux) (5.70)
respectively.
Differentiating equation (5.69) and using equations (5.32), (5.33), (5.34) and (5.67)
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we obtain
d∆c
da
=
l2uc
a2E
+
γ
aE
Ωx
Ωc
[∆c − 2aγ (uc − ux)] (5.71)
which is the evolution equation for the comoving matter density contrast for our
model for the case for momentum transfer parallel to the DM four-velocity.
The Q||ux model
For this model, the closed set of perturbation equations become,
δ′c = aΓ
Ωx
Ωc
(δc + aγux − Φ) + k2υc − 3HΦ− 9
2
H2Ωcυc (5.72)
υ′x = −Hυx − Φ (5.73)
υ′c = aΓ
Ωx
Ωc
(υc − υx)−Hυc − Φ (5.74)
Φ′ = −3
2
H2Ωcυc −HΦ (5.75)
and equation (5.18) gives for this case,
∆x = 0. (5.76)
The Poisson equation (5.47) for this model then takes the form,
k2Φ = −3
2
H2 [Ωc∆c + aΓΩx(υc − υx)] (5.77)
In a similar manner to the Q||uc model presented above, the equations (5.72)-
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(5.75) can then be cast into the ODE’s,
dδc
da
=
γ
aE
Ωx
Ωc
(δc + aγux − Φ) + l
2uc
a2E
− 3
a
Φ− 9
2
EΩcuc (5.78)
dux
da
= −ux
a
− Φ
a2E
(5.79)
duc
da
=
γ
aE
Ωx
Ωc
(uc − ux)− Φ
a2E
− uc
a
(5.80)
dΦ
da
= −3
2
EΩcuc − Φ
a
. (5.81)
Differentiating equation (5.69) and using equations (5.78) and (5.80) we obtain
the equation,
d∆c
da
=
l2uc
a2E
+
γ
aE
Ωx
Ωc
[
∆c − a
(
3E +
γ
Ωc
)
(uc − ux)
]
(5.82)
5.4.2 Initial conditions for the IDE perturbations
At early times in the matter dominated regime before dark energy starts to domi-
nate, the Vacuum Interacting DE model is close to the non-interacting ΛCDM model
and thus it is natural to use the non-interacting initial conditions. Here we use ‘d’ to
denote the decoupling epoch.
DM density contrast
From the Poisson equation we obtain an expression for the comoving density
contrast at decoupling as
∆cd = − 2k
2
3H2dΩcd
Φd , (5.83)
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and in the Newtonian gauge the matter density contrast becomes using equation
(5.18)
δcd = ∆cd +
(
3Hd + ΓadΩxd
Ωcd
)
υcd. (5.84)
Gravitational potential Φ
At the decoupling epoch, the gravitational potential is given by equation (3.111)
Φd =
9
10
T (k)Φp(k) , (5.85)
where T (k) is the transfer function and Φp(k) is the primordial gravitational potential
from from inflation.
DM peculiar velocity υc
The DM peculiar velocity at decoupling can be obtained from the equation
Φ′ +HΦ = −3
2
H2Ωcυc (5.86)
Since at early times the gravitational potential is constant, putting Φ′ = 0 we obtain
υcd = − 2Φd
3HdΩcd . (5.87)
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DE density contrast
For an adiabatic CDM fluid, the adiabatic condition implies that
δρc
ρ′c
=
δρx
ρ′x
(5.88)
which yields the equation for the DE density contrast at decoupling
δxd = − Γad δcd
3Hd + ΓadΩxdΩcd
. (5.89)
5.4.3 Initial conditions for ΛCDM
Following the same arguments as described above, it can be shown that for the
ΛCDM model the initial conditions at decoupling are given by
δcd = ∆cd + 3Hdυcd ; ∆cd = − 2k
2
3H2dΩcd
Φd (5.90)
υcd = − 2Φd
3HdΩcd (5.91)
Φd =
9
10
T (k)Φp(k) (5.92)
5.5 Growth functions and power spectra
To understand the effect of the momentum transfer treatment, we solved the D-
functions ODE’s and computed the growth functions for DM and the gravitational
potential. Our results showing the effect of both the interaction strength and the
direction of energy-momentum transfer on growth of perturbations are presented in
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this section. To understand the results, we provide an analysis of the predictions
from the Poisson equations for the two sub-classes of momentum transfer and compare
these to predictions from the non-interacting ΛCDMmodel poisson equation. We also
study the effect of adiabatic initial conditions on our IDE model and thus provide a
complementary analysis to the recently published work based on current cosmological
datasets by [65] and [55].
5.5.1 The Q||uc Model
For this model, the Poisson equation (5.17) gives
∆c = − 2l
2Φ
3a2E2Ωc
− 2Ωx
Ωc
aγ(uc − ux) (5.93)
From equation (5.93) we obtain
Dc = DΦ +
4aγ
3l3
Ωx
Ωc
(Duc −Dux) ad
Ωcd
(5.94)
which defines the DM growth function for our model and reduces to the standard
ΛCDM case with Dc = DΦ, for γ = 0 and/or when Duc = Dux .
This case can be analysed further by subtracting equation (5.59) from equation
(5.45), which gives
(υx − υc)′ = −4H(υx − υc) (5.95)
this implies that
υx − υc = (υxd − υcd)
(ad
a
)4
. (5.96)
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Equation (5.96) means that the velocity difference υx − υc decays rapidly, and for
adiabatic initial conditions (υxd = υcd) we have the relation
υx = υc. (5.97)
It then follows that the interaction term in the Poisson equation for this case (5.17)
is zero and hence we obtain the equation
l2Φ = −3
2
a2E2Ωc∆c (5.98)
which is the same as for the ΛCDM case. This may appear to imply that the DM and
curvature growth functions for this model are the same form as ΛCDM. However,
we find that this is not the case with our numerical results. For adiabatic initial
conditions, the evolution equations (5.57)-(5.60) become
δ′c = aΓ
Ωx
Ωc
(δc + aΓ− Φ) + k2υc + 3Φ′ (5.99)
υ′c = −Hυc − Φ ≡ υ′x (5.100)
Φ′ = −3
2
H2Ωcυc −HΦ (5.101)
We note that whereas equations (5.100) and (5.101) are the same as for ΛCDM, the
density contrast evolution equation (5.99) contains an additional term coming from
the interaction. This implies that the DM growth function Dc for the interacting
model will be different from the non-interacting case and this will show up at late-
times after the onset of DE domination. This behaviour is displayed in our numerical
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Figure 5.5: Plots for the growth functions Dc(a) and DΦ(a) for the DM and gravi-
tational potential respectively as functions of the scale factor a on small scales (left
graphs) and large scales (right graphs) for different values of the interaction parame-
ter γ for the Q||uc model. The growth functions coincide at earlier times when DM
dominates and the ratio Ωx/Ωc is small and becomes different after the onset of De
domination.
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results shown in figure 5.5. The results show that when the transfer of energy is
from DM to DE (γ > 0) there will be higher growth rates for the DM perturbations
than when the transfer from DE to DM (γ < 0). The high growth rates are driven
by the normalisation of the DM density that leads to a higher value of Ωc at early
times than in the non interacting case. It is also apparent that the transfer of energy
from DE to DM suppresses the growth of density perturbations as also pointed out
by [18] and [24]. Figure 5.5 indicates that the Dc is scale-independent, since the
sub- and super-horizon modes have the same behavior. Equations (5.98), (5.100) and
(5.101) show that ∆c has the same form as in ΛCDM. Equation (5.99) which differs
from from ΛCDM shows that the only difference in the power spectrum Pc can be a
scale-independent change of amplitude i.e
Pc = α
2P 0c (5.102)
where α2 is either > 1 (γ > 0) or < 1 (γ < 0). Plots for the power spectra Pc
in the universe today from our numerical calculations are displayed in figure (5.6).
The plot of the DM power spectrum displayed in figure 5.6 shows a shift about the
standard case proportional to the interaction strength. This shift can be explained
from our equations (5.99)-(5.101) which show that the solution for the DM density
contrast contains a non-zero interaction term which translates to a shift in the DM
growth rates and hence in the power spectrum.
Figure 5.12 shows plots for the ratio of the DM growth function to the growth
function for the gravitational potential. This shows that in the absence of interaction
(i.e ΛCDM), the DM growth function is equal to the growth function for the gravita-
tional potential in agreement to standard results (see e.g. [27; 28]). The interaction
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Figure 5.6: Plot for the linear DM power spectrum Pm(k) for the interaction param-
eter γ = ±0.05,±0.1 and ± 0.2 for the Q||uc model shown together with the ΛCDM
matter power spectrum for comparison.
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Figure 5.7: Plot for the ratio of the DM growth function to the value of the
gravitational potential growth function today for the interaction parameter γ =
±0.05,±0.1 and ± 0.2 for the Q||uc model (top graph) shown together with ΛCDM
matter growth function for comparison.
 
 
 
 
Chapter 5: Structure formation in vacuum interacting dark energy models 119
0.0 0.2 0.4 0.6 0.8 1.0
a
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.05
g
The Q||uc Model with k = 10H0
γ = −0.5
γ = −0.1
γ = 0
γ = 0.1
γ = 0.5
0.0 0.2 0.4 0.6 0.8 1.0
a
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.05
g
The Q||uc Model with k = 0.01H0
γ = −0.5
γ = −0.1
γ = 0
γ = 0.1
γ = 0.5
Figure 5.8: Plots for the growth suppression factor g as a function of the scale factor
a for sub-Hubble scales (top graph) and super-Hubble scales (bottom graph) from
our work shown together with the standard ΛCDM model for different values of the
interaction parameter γ. The results are for the Q||uc model.
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increases or decreases this ratio depending on the direction of the energy-momentum
transfer. However, any change in the DM density contrast translates to a modi-
fication in the behaviour of the gravitational potential. Plots showing the effect of
the interaction on the growth suppression factor g = Φ/Φd for both sub-Hubble and
super-Hubble scales are shown in figure 5.8. Relating figures 5.5 and 5.8 it can
be seen that a growth (suppression) perturbations in the DM density perturbations
translates to a growth (suppression) of the curvature perturbations.
5.5.2 The Q||ux model
Unlike in the Q||uc model where we found that the Poisson equation reduces to
that for ΛCDM model, this does not apply to the Q||ux case. Instead the Poisson
equation has the form
l2Φ = −3
2
a2E2 [Ωc∆c + aγΩx(uc − ux)] (5.103)
hence the DM and curvature perturbation growth functions must be different for this
model. We obtain the DM growth density contrast as
∆c = − 2l
2Φ
3a2E2Ωc
− Ωx
Ωc
aγ(uc − ux) (5.104)
or in terms of the growth functions
Dc = DΦ +
2aγ
3l3
Ωx
Ωc
(Duc −Dux) ad
Ωcd
. (5.105)
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Figure 5.9: Plots for the growth functions Dc(a) and DΦ(a) as functions of the scale
factor a for sub-Hubble scales (left) and super-Hubble scales (right) for different values
of the interaction parameter γ for the Q||ux model.
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Figure 5.10: Plots for g as functions of the scale factor a on small scales and large
scales, for different values of the interaction parameter γ for the Q||ux model.
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Figure 5.11: Plots for the linear DM spectrum Pc(k) for the interaction parameter
γ = ±0.05,±0.1 and ± 0.2 for the Q||ux model displayed together with the standard
ΛCDM model for comparison.
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Figure 5.12: Plot for the ratio of the DM growth function to the value of the
gravitational potential growth function today for the interaction parameter γ =
±0.05,±0.1 and ±0.2 for the Q||ux model shown together with ΛCDMmatter growth
function for comparison. The results show the scale-dependence on large scales ob-
served in the power spectrum 5.11.
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Figure 5.13: Top graph: Plots for the linear DM spectrum Pc(k) for the interaction
parameter γ = ±0.08 and±0.02 for theQ||ux model shown together with the standard
ΛCDM model for comparison. This plot corresponds to vanishing DE perturbations
as should be the case for vacuum DE. Bottom graph: Plots for the ratio Dm/DΦ for
this model.
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Plots for the DM and curvature perturbation growth functions for this model are
displayed in figure 5.5.2. Figure 5.10 shows plots for the growth suppression factor g
for both super-Hubble and sub-Hubble scales. The matter power spectrum contains
a correction due to the interaction. A plot of the linear matter power spectrum for
the Q||ux model is shown in figure 5.11. The results show a k2-dependent growth
in the large-scale matter power spectrum which is clearly degenerate with bias and
gets stronger for more γ > 0 when the transfer of energy is from DM to the DE. On
small scales, our results shows that the interaction term becomes negligible and hence
the matter power spectrum coincides with ΛCDM as shown in figure 5.11. Figure
5.12 shows a plot of the ratio of the DM growth function to the growth function
for the curvature perturbation Φ displaying the scale-dependence on large scales.
Figure 5.13 shows the power spectrum when ux 6= uc. The results shows a large-scale
dependence not displayed if ux = uc. This may imply that in order to reproduce the
large-scale dependence in the matter power spectrum measured today, the dark energy
and peculiar velocities may not be equal. This needs to be investigated further.
5.5.3 Summary of results
This chapter has presented results from a study that focusses on an interaction
between DE and DM in which the DE is treated as vacuum energy with constant
equation of state w = −1. It has been shown that by re-writing the DE perturbation
equations in a more suitable form, the singularities reported in previous works are
eliminated thus admitting the largely ignored case of vacuum IDE. An interaction
between DE and DM is shown to give rise to a background evolution different from
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the standard ΛCDM case, with values of the Hubble parameter larger than currently
measured. This is explained by the fact that our IDE model predicts a higher value of
the DE density today than the standard case implying a corresponding higher value
of the Hubble rate, given that the late-time expansion of the universe is driven by
DE. This effect has been verified by recent observations as reported e.g. in [1; 65]
and may offer a possible explanation for the higher observed values in the BOSS and
SDSS surveys.
For the perturbations the Vacuum IDE model, more power than the standard case
seems favoured by an energy transfer from DM to DE, while the reverse predicts less
power than ΛCDM. A stronger coupling is shown to lead to more (or less) power
than ΛCDM depending on the direction of the energy transfer. This effect needs to
be tested against future observations.
 
 
 
 
Chapter 6
Discussions and conclusions
We have presented results from two interacting dark-sector scenarios and explored
the possible implications of such an interaction to our current standard picture of
structure formation. Firstly, by treating the matter fluid as composed of two inter-
acting components which exchange energy and momentum, we modelled the energy
transfer via a simple function that mimics predictions from recent halo theory N-body
simulations. We derived the governing background and perturbation equations and
investigated the effect of the energy-momentum transfer on the background evolution
and perturbations. We considered three simple models for the energy transfer rate in
form of: power law, exponential and erfc function forms. We then investigated the
large-scale imprints of the interaction on the power spectrum for each component,
comparing the results to the usually assumed single matter component scenario. We
find that the background dynamics are in good agreement with the standard single
matter component- ΛCDM model. The energy density for the halo fluid component
grows over cosmic time approaching the standard ΛCDM value today, while the energy
128
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density for the free fluid component decreases over cosmic time which is consistent
with the decay of this fluid to the halo fluid. In the perturbed universe, we computed
the evolution of the density contrast and velocity perturbations. The results shows
that the density perturbations are highly sensitive to the energy-momentum transfer
while the peculiar velocities are equal to their ΛCDM values.
Secondly, we have presented results from a study of an interaction between a cold
DM fluid and a DE fluid assumed to be a cosmological constant, and investigated the
cosmological implications of the interaction scenario, comparing this to the standard
ΛCDM case. By re-writing the general perturbation equations and casting them into
a suitable form, we have eliminated a singularity reported in many previous studies
(see e.g [62] and [24]) thus accommodating the case when w = −1 not previously
investigated. Starting from the perturbation equations in Newtonian gauge for our
interaction model, we have derived simple dimensionless ordinary differential equa-
tions. Our equations provide a simple platform on which to investigate interacting
models with constant equation of state parameter and forms a useful benchmark for
studies aimed at clearing some existing subtleties in interacting vacuum dark energy
studies.
Using a commonly used viable energy-momentum treatment that considers the
energy-momentum transfer as proportional to the dark energy density, we obtain
results which show that:
• An interaction between DM and DE modifies the background evolution leading
to deviations that can be large for stronger interaction strengths.
• Normalising the DM and DE densities to their values today, we find that the
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resulting shape of density profile is dependent on the direction of the energy
transfer and can accommodate large interaction values as pointed out in [24].
• By re-writing the perturbation equations in a more suitable form while ensuring
consistency, singularities reported in previous studies can be eliminated.
• For scalar perturbations in Newtonian gauge, our model shows that the matter
density and curvature perturbations will grow as the universe evolves but the
effect of the interaction only becomes visible after the onset of the DE domina-
tion.
• For our choice of the energy-momentum transfer, the Q||ux model is better
motivated than the Q||uc model which leads to some unphysical results.
• The linear matter power spectrum in the universe today shows a large-scale
dependence that can deviate from the standard ΛCDM model.
• Our model does not show the instabilities reported previously for constant w
interacting dark energy models.
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